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We investigate the escape of photons from the vicinity of the horizon to infinity in the Kerr-
Newmann black hole spacetime. We assume that a light source is at rest in a locally nonrotating
frame and photons are emitted isotropically. Then, we evaluate the escape probability of the emitted
photons. The main result of this paper is the following. If the black hole is extremal with the
nondimensional spin parameter a∗ > 1/2, however close to the horizon the light source would be,
the escape probability remains nonzero. The near-horizon limit value of the escape probability is
a monotonically increasing function of a∗ and takes a maximum ∼29.1% at a∗ = 1, i.e., for the
extremal Kerr case. On the other hand, if the black hole is extremal with 0 ≤ a∗ ≤ 1/2 or if the
black hole is subextremal, the near-horizon limit value is zero.
I. INTRODUCTION
Very recently, the Event Horizon Telescope collaboration has succeeded in the first observation of the black hole
shadows of the core of the galaxy M87 [1]. Although it remains controversial whether the central object forming the
shadow is a black hole or not (see, e.g., Ref. [2] for a review), at least we have observed photon ring scale near the
ultracompact object directly through electromagnetic waves. As the observation progresses further, we will be able to
clarify various properties of the center in the future. The brightness around the shadow depends on how often photons
can escape from the source to infinity (i.e., the escape probability). Therefore, the evaluation of the probability is an
important issue closely related to shadow observation.
The escape probability is also crucial in high-energy physics. In high-energy astrophysics, energetic particles
are produced through the Penrose process [3, 4] in the ergoregion, which plays a fundamental role in high-energy
phenomena of our Universe. On the other hand, in the context of dark matter searches of high-energy astroparticle
physics, exotic particles are produced by arbitrarily high-energy collisions near the horizon through the Banados–
Silk–West process [5] (see also, e.g., Ref. [6] for a review). More recently, energy extraction process in a head-on
collision—a combined process of the BSW and the Penrose—has attracted attention because the upper limit of its
energy efficiency is of order 10 [7]. Moreover, it was shown that arbitrarily high efficiencies are achieved in the horizon
limit by allowing that at least either of the colliding particles is emitted outwardly in the vicinity of the horizon before
the collision. This is called the super Penrose process [8]. The observability of such high-energy or exotic particles
depends considerably on the escape probability.
In general, the production rate of high-energy particles in the ergoregion increases as the generating point approaches
the horizon, while the escape probability of photons emitted from there decreases [9]. Since a black hole is spacetime
region where nothing can escape, we can expect that the probability becomes zero if the emission arbitrarily approaches
the horizon. Therefore, it is most likely that the observation of such energetic particles coming from the vicinity of the
horizon seems impossible. In a previous work, however, we showed that the photon escape probability has a nonzero
limiting value when the emission point arbitrarily approaches the horizon of the extremal Kerr black hole [10]. We
found it in the context of the observability of high-energy photons produced by the super-Penrose process. This result
implies that distant observers can see high-energy photons emitted from the vicinity of a rapidly rotating black hole.
Nonzero escape probability of photons in the horizon limit further suggests observability of various phenomena
near the horizon. Although clarifying the conditions for this phenomenon is of significance, we still have not fully
understood them. The extremal limit of a black hole seems to be a key to this phenomenon, but so far it is unclear
whether this is a sufficient condition.
The purpose of this paper is to clarify the conditions for the escape probability remaining nonzero value when an
emission point arbitrarily approaches the horizon. To achieve this, we adopt the Kerr–Newman spacetime as the
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2background. Since the metric includes an electric charge parameter, the extremal limit is a one-parameter family of
the black hole spin under fixed mass scale. The spin dependence allows us to consider the contribution of the extremal
black hole rotation to the nonzero escape probability. In addition, we assume that the source stays at rest in the
locally nonrotating frame (LNRF) and emits photons isotropically. These assumptions are motivated by the fact that
the center-of-mass frame in a collisional Penrose process coincides with the LNRF. Moreover, since the LNRF does
not co-rotate locally with the spacetime by definition, we can remove the contribution of proper orbital rotational
motion of a source to the escape probability.
This paper is organized as follows. In the following section, we introduce the LNRF and obtain the components of
the 4-momentum of a photon in the Kerr–Newman spacetime. In Sec. III, we show the ranges of an impact parameter
for a photon that can escape from the vicinity of the horizon to infinity. In Sec. IV, focusing on the emission from
a light source at rest in the LNRF, we introduce emission angles. The parameter ranges obtained in the previous
section lead to the solid emission angle in which a photon can escape to infinity. Assuming isotropic emission, we
define the escape probability. In Sec. V, we evaluate the escape probability and confirm that it becomes zero as the
emission point approaches the horizon in general. However, in the extremal Kerr–Newman black hole with spin larger
than a specific value, we observe that the probability remains a finite value even in the horizon limit. Section VI is
devoted to conclusion and discussions. In this paper, we use units in which c = 1 and G = 1.
II. GENERAL GEODESIC MOTION AND LOCALLY NONROTATING FRAME IN THE
KERR–NEWMAN SPACETIME
The Kerr–Newman metric in the Boyer–Lindquist coordinates is given by
gµνdx
µdxν = −Σ∆
A
dt2 +
Σ
∆
dr2 + Σdθ2 +
A
Σ
sin2 θ
(
dϕ− a(r
2 + a2 −∆)
A
dt
)2
, (1)
where
Σ ≡ r2 + a2 cos2 θ, ∆ ≡ r2 − 2Mr + a2 + e2, A ≡ (r2 + a2)2 − a2∆ sin2 θ. (2)
This metric is parametrized by three parameters, mass M , spin a, and charge e. The spin parameter a is related to
the angular momentum J with respect to the rotational axis as a = J/M . Without loss of generality, we assume that
a ≥ 0. Throughout this paper, we only consider the parameter range of the black hole spacetime, a2 + e2 ≤ M2.
Then the event horizon is located at the radius r = rH ≡ M +
√
M2 − a2 − e2, where ∆ vanishes. The spacetime is
stationary and axisymmetric with corresponding two Killing vectors ξµ and ψµ, where ξµ∂µ = ∂t and ψ
µ∂µ = ∂ϕ.
Let us consider null geodesic motion with 4-momentum kµ in the Kerr–Newman black hole spacetime. By using
the Hamilton–Jacobi method [11], the components of kµ are given by
kt =
1
Σ
[
a(L− aE sin2 θ) + r
2 + a2
∆
[
(r2 + a2)E − aL]] , (3)
kr =
σr
Σ
√
R, (4)
kθ =
σθ
Σ
√
Θ, (5)
kϕ =
1
Σ
[
L
sin2 θ
− aE + a
∆
[
(r2 + a2)E − aL]] , (6)
where σr, σθ = ±, and
R ≡ [(r2 + a2)E − aL]2 −∆ [(L− aE)2 +Q] , (7)
Θ ≡ Q− cos2 θ
[
L2
sin2 θ
− a2E2
]
. (8)
Here E = −ξµkµ, L = ψµkµ, and Q are the conserved energy, angular momentum, and Carter constant, respectively.
We introduce the LNRF [12] that is a tetrad basis associated with observers who corotate with the background
spacetime. The basis one-forms are given by
e(0) =
√
Σ∆
A
dt, e(1) =
√
Σ
∆
dr, e(2) =
√
Σdθ, e(3) =
√
A
Σ
sin θdϕ− a(r
2 + a2 −∆) sin θ√
ΣA
dt. (9)
3These satisfy gµν = η(a)(b)e
(a)
µ e
(b)
ν , where η(a)(b) = diag(−1, 1, 1, 1), and a and b run from 0 to 3. The tetrad components
of the 4-momentum, k(a) = e
(a)
µ kµ, are given by
k(0) =
√
∆
ΣA
[
a(L− aE sin2 θ) + r
2 + a2
∆
[
(r2 + a2)E − aL]] , (10)
k(1) = σr
√
R
Σ∆
, (11)
k(2) = σθ
√
Θ
Σ
, (12)
k(3) =
L
sin θ
√
Σ
A
. (13)
III. ESCAPE OF A PHOTON TO INFINITY
We consider the emission of a photon from the equatorial plane near the horizon (r, θ) = (r∗, pi/2) to infinity. We
adopt units in which M = 1 and assume that a 6= 0 in what follows.
We derive the conditions for a photon escaping to infinity. These are determined by investigating a radial turning
point, i.e., R = 0. Introducing the dimensionless parameters
b ≡ L
E
, q ≡ Q
E2
, (14)
for E > 0 and solving R = 0 for b, we obtain
b = b1(r) ≡ a(e
2 − 2r) +√∆ [r4 − q(∆− a2)]
∆− a2 , (15)
and
b = b2(r) ≡ a(e
2 − 2r)−√∆ [r4 − q(∆− a2)]
∆− a2 . (16)
We note that q is nonnegative (i.e., q ≥ 0) because Θ must be nonnegative and Θ = Q at the emission point
(r, θ) = (r∗, pi/2). The allowed parameter region of b for photon motion is given by
b ≤ b1 for rH ≤ r < 1 +
√
1− e2, (17)
b2 ≤ b ≤ b1 for 1 +
√
1− e2 ≤ r, (18)
where b2 diverges at r = 1 +
√
1− e2. We note that b2 ≤ b for rH ≤ r < 1 +
√
1− e2 is also the allowed region, but
for a negative energy photon. Because such a photon cannot escape to infinity, we will not consider this region.
Now we focus on extremum points of bi (i = 1, 2). The positions are determined by the equations
b′i(r) = 0. (19)
Solving these for q, we obtain the single equation
q = f(r) ≡ r
2
a2
[
−4(1− a
2 − e2)(r − e2)
(r − 1)2 + 3− 4e
2 − (r − 1)(r − 3)
]
. (20)
Note that the first term of f vanishes in the extremal case a2 + e2 = 1. Outside the horizon, f(r) has the unique local
maximum with the value f0 at r = r0, where
r0(e) ≡ 3 +
√
9− 8e2
2
, (21)
f0(e) ≡ f(r = r0) = r
4
0
r0 − e2 . (22)
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rc,2
<latexit sha1_base64="wBCnZZT6wYJcqZB/F4kkNnIMBf4=">AAAIqHiclZVLb9NAEMenLY8QHm3hgsQlIg2qKog2AQlUAWpFH1Sq1DTpCzVVZD sbx6pf2G5EifIFOHDlwAmkHBDXXuHChS/AoR8BcSwSFw7MTjYNtpMWbCVez+8/u7Ozs2vVNQ0/YOxwaHjkzNlz5xMXkhcvXb4yOjZ+dcN39jyNr2uO6XhbquJz07D5emAEJt9yPa5Yqsk31d0ngm82uOcbjr0W7Lt8x1J026gZmhKgqTI2WVa5bthNxTR0e6qV9CrNsmelUtrtfCtZ5na1SypjaZZldKXijZ xspEFeBWd85ADKUAUHNNgDCzjYEGDbBAV8vLchBwxctO1AE20etgziHFqQRN89VHFUKGjdxX8d37al1cZ30adP3hqOYuLPQ88UZNg39oEdsa/sI/vOfg/sq0l9iFj28al2fLlbGX11vfTrVC8LnwHUe14nxhxADR5QrAbG7pJFzELr+DdevjkqTRczzVvsPfuB8b9jh+wLzsBu/NTaq7z49oR4upF4SGv4E9 kTdwbnxFEjRkyhah//q2ipEWvLdhu9m3i3Kf8mWVNoa1E/PdVsH9VsTKWQRkGFixEpEaoSFVEFMaYR08g3TKpExJvZx2+O6NwAGhCPxh3Whz04qUWWffJwMHthRUNqGlS1Jynn5didWaXwPTraPDILNfNQIaWHbymyRZULkb4WYgqduE71acUysUh0cQCtE61TJYWJKfNhxtbFlKttUp8q2qO9LhNfHsh3iY tKdqmqw9QiamHVh+022e2Y3SG7Q+eCHutthejKAOrKubjHJ1G8Dl2pqCMNkwKRQh/iyVWtY1xhUoysZzG2nj5xUVt6nxUrES0NoIGs+XrfvbYWGXstNnYg8yGe0Tw3ZCY69d/LRwbCeySNJ3xnBVWc/Qu59x3ahd0zqwkTsuqFeoLiCI/28LjGbJxp9+vQ449lhgfxR7J+n+M8DIzrb1qGPNIlqnxfnqtib9 +BLEbDaRcuRTzu/oPH//R379T+NmR2xfeiGjvJ8cZvcy76JY43NvLZHMvmVvPpmWn5lU7ADbgJkzjSfZiBp1jB6zj+aziAT/A5MZUoJDYTzzrS4SHpcw1CV0L9AzF73nU=</latexit><latexit sha1_base64="h3SMpuYQBhx5dKuGGR9ULhPiFzY=">AAAIqHiclZVLb9NAEMenlEcIj7ZwQeJikQZVFUSbAgJVgFrRB5UqNU36Qk0V2c 7GseoXthtRonwBDlw5cAIpB8S1V7hw4Qtw6EdAHIvEhQOzk02L7aQFW4nX8/vP7uzs7FrzLDMIGdsfODV4+szZc6nz6QsXL10eGh65sha4O77OV3XXcv0NTQ24ZTp8NTRDi294PldtzeLr2vYTwdcb3A9M11kJdz2+ZauGY9ZMXQ3RVBkeK2vcMJ2mapmGM95K+5Vm2bcVRb810UqXuVPtkspwhuUYXUqykZ eNDMir4I4M7kEZquCCDjtgAwcHQmxboEKA9ybkgYGHti1oos3HlkmcQwvS6LuDKo4KFa3b+G/g26a0Ovgu+gzIW8dRLPz56KlAln1jH9gB+8o+su/sd9++mtSHiGUXn1rHl3uVoVfXSr9O9LLxGUL9yOvYmEOowQOK1cTYPbKIWegd/8bLNwelyWK2eZO9Zz8w/ndsn33BGTiNn3p7mRffHhNPNxIfaQ1/In vizuKcOGrEiAqqdvG/ipYasbZst9G7iXeb8m+RVUFbi/o5Uk33UE0nVCppVFR4GJEaoxpREVWYYDoxnXyjpEpEvFk9/GaIzvShIfF43FF91IOTWmQ5IA8XsxdVNKSmQVV7nHJWjt2ZlYLv8dFmkdmomYUKKX18U8gWV87F+ppLKAziBtWnncjEPNH5PrROtE6VFCWWzIeVWBdLrrZFfWpoj/e6SHyxL98mLi rZo6qOUpuojVUftTtkdxJ2l+wunQtGorclokt9qCfn4h2eRMk69KSijjRKCkQKPYgvV7WOcUVJMbaexcR6BsRFbRk9VqxEtNSHhrLm6z332kps7JXE2KHMh3jG89yQmejU/1E+shDdIxk84TsrqOHsX8i979Iu7J5ZTRiVVS/UoxRHdLSHhzXm4Ey7X4cj/lhmuB9/JOv3Oc7DxLj+pmWYQLpAlR/Ic1Xs7d uQw2g47cKFmMedf/D4n/7untjfmsyu+F5UEyc53vhtzse/xMnG2kQuz3L55XuZqUn5lU7BdbgBYzjSfZiCp1jBqzj+a9iDT/A5NZ4qpNZTzzrSUwPS5ypErpT2BzJr3ng=</latexit><latexit sha1_base64="h3SMpuYQBhx5dKuGGR9ULhPiFzY=">AAAIqHiclZVLb9NAEMenlEcIj7ZwQeJikQZVFUSbAgJVgFrRB5UqNU36Qk0V2c 7GseoXthtRonwBDlw5cAIpB8S1V7hw4Qtw6EdAHIvEhQOzk02L7aQFW4nX8/vP7uzs7FrzLDMIGdsfODV4+szZc6nz6QsXL10eGh65sha4O77OV3XXcv0NTQ24ZTp8NTRDi294PldtzeLr2vYTwdcb3A9M11kJdz2+ZauGY9ZMXQ3RVBkeK2vcMJ2mapmGM95K+5Vm2bcVRb810UqXuVPtkspwhuUYXUqykZ eNDMir4I4M7kEZquCCDjtgAwcHQmxboEKA9ybkgYGHti1oos3HlkmcQwvS6LuDKo4KFa3b+G/g26a0Ovgu+gzIW8dRLPz56KlAln1jH9gB+8o+su/sd9++mtSHiGUXn1rHl3uVoVfXSr9O9LLxGUL9yOvYmEOowQOK1cTYPbKIWegd/8bLNwelyWK2eZO9Zz8w/ndsn33BGTiNn3p7mRffHhNPNxIfaQ1/In vizuKcOGrEiAqqdvG/ipYasbZst9G7iXeb8m+RVUFbi/o5Uk33UE0nVCppVFR4GJEaoxpREVWYYDoxnXyjpEpEvFk9/GaIzvShIfF43FF91IOTWmQ5IA8XsxdVNKSmQVV7nHJWjt2ZlYLv8dFmkdmomYUKKX18U8gWV87F+ppLKAziBtWnncjEPNH5PrROtE6VFCWWzIeVWBdLrrZFfWpoj/e6SHyxL98mLi rZo6qOUpuojVUftTtkdxJ2l+wunQtGorclokt9qCfn4h2eRMk69KSijjRKCkQKPYgvV7WOcUVJMbaexcR6BsRFbRk9VqxEtNSHhrLm6z332kps7JXE2KHMh3jG89yQmejU/1E+shDdIxk84TsrqOHsX8i979Iu7J5ZTRiVVS/UoxRHdLSHhzXm4Ey7X4cj/lhmuB9/JOv3Oc7DxLj+pmWYQLpAlR/Ic1Xs7d uQw2g47cKFmMedf/D4n/7untjfmsyu+F5UEyc53vhtzse/xMnG2kQuz3L55XuZqUn5lU7BdbgBYzjSfZiCp1jBqzj+a9iDT/A5NZ4qpNZTzzrSUwPS5ypErpT2BzJr3ng=</latexit><latexit sha1_base64="wBCnZZT6wYJcqZB/F4kkNnIMBf4=">AAAIqHiclZVLb9NAEMenLY8QHm3hgsQlIg2qKog2AQlUAWpFH1Sq1DTpCzVVZD sbx6pf2G5EifIFOHDlwAmkHBDXXuHChS/AoR8BcSwSFw7MTjYNtpMWbCVez+8/u7Ozs2vVNQ0/YOxwaHjkzNlz5xMXkhcvXb4yOjZ+dcN39jyNr2uO6XhbquJz07D5emAEJt9yPa5Yqsk31d0ngm82uOcbjr0W7Lt8x1J026gZmhKgqTI2WVa5bthNxTR0e6qV9CrNsmelUtrtfCtZ5na1SypjaZZldKXijZ xspEFeBWd85ADKUAUHNNgDCzjYEGDbBAV8vLchBwxctO1AE20etgziHFqQRN89VHFUKGjdxX8d37al1cZ30adP3hqOYuLPQ88UZNg39oEdsa/sI/vOfg/sq0l9iFj28al2fLlbGX11vfTrVC8LnwHUe14nxhxADR5QrAbG7pJFzELr+DdevjkqTRczzVvsPfuB8b9jh+wLzsBu/NTaq7z49oR4upF4SGv4E9 kTdwbnxFEjRkyhah//q2ipEWvLdhu9m3i3Kf8mWVNoa1E/PdVsH9VsTKWQRkGFixEpEaoSFVEFMaYR08g3TKpExJvZx2+O6NwAGhCPxh3Whz04qUWWffJwMHthRUNqGlS1Jynn5didWaXwPTraPDILNfNQIaWHbymyRZULkb4WYgqduE71acUysUh0cQCtE61TJYWJKfNhxtbFlKttUp8q2qO9LhNfHsh3iY tKdqmqw9QiamHVh+022e2Y3SG7Q+eCHutthejKAOrKubjHJ1G8Dl2pqCMNkwKRQh/iyVWtY1xhUoysZzG2nj5xUVt6nxUrES0NoIGs+XrfvbYWGXstNnYg8yGe0Tw3ZCY69d/LRwbCeySNJ3xnBVWc/Qu59x3ahd0zqwkTsuqFeoLiCI/28LjGbJxp9+vQ449lhgfxR7J+n+M8DIzrb1qGPNIlqnxfnqtib9 +BLEbDaRcuRTzu/oPH//R379T+NmR2xfeiGjvJ8cZvcy76JY43NvLZHMvmVvPpmWn5lU7ADbgJkzjSfZiBp1jB6zj+aziAT/A5MZUoJDYTzzrS4SHpcw1CV0L9AzF73nU=</latexit>
Class I
<latexit sha1_base64="5P60P3j 1KCvCuOeroGDEOYCSPmQ=">AAAIp3iclZVLb9NAEMenLY8QHm3hgsQlIg 0viWhTkEAVoFZ9UalS26RNKzVVZDsbx6pf2G5EicoHQOLMgRNIOSCOcIQ TF74Ah34ExLFIXDgwO9k02I5bsJV4Pb//7M7Ozq5V1zT8gLH9gcGhEydP nU6dSZ89d/7C8MjoxbLv7HgaX9Mc0/E2VMXnpmHztcAITL7helyxVJOvq 9vTgq83uecbjr0a7Lp8y1J026gbmhKgqTpyvaJy3bBbimno9q29dMWzMt Om4vvPF9IVbte6oDqSZXlGVybeKMhGFuS17IwOfYQK1MABDXbAAg42BNg 2QQEf700oAAMXbVvQQpuHLYM4hz1Io+8OqjgqFLRu47+Ob5vSauO76NMn bw1HMfHnoWcGcuwbe8cO2Ff2nn1nvxP7alEfIpZdfKodX+5Wh19cLv061 svCZwCNnteRMQdQh/sUq4Gxu2QRs9A6/s1nrw5KE8Vc6xp7y35g/G/YPv uCM7CbP7X2Ci++PiKebiQe0jr+RPbEncM5cdSIETOo2sX/GlrqxNqy3U bvFt5tyr9J1gza9qifnmqqj2oqplJIo6DCxYiUCFWJiqiCGNOIaeQbJjU i4s3s4zdDdCaBBsSjcYf1YQ9OapFlnzwczF5Y0ZSaJlXtUcpZOXZnVhl8 j442i8xCzSxUSenhW4ZsUeVcpK+5mEInrlN9WrFMzBOdT6ANog2qpDAxZ T7M2LqYcrVN6lNFe7TXReKLiXybuKhkl6o6TC2iFlZ92G6T3Y7ZHbI7dC 7osd6WiC4lUFfOxT08ieJ16EpFA2mYLBNZ7kM8uaoNjCtMipH1LMbW0yc uakvvs2IloqUEGsiab/Tda6uRsVdjYwcyH+IZzXNTZqJT/7185CC8R7J4 wndWUMXZP5V736Fd2D2zWjAmq16oxyiO8GgPDmvMxpl2vw49/khmOIk/l PX7BOdhYFx/0wqMI12gyvfluSr29m3IYzScduFCxOPOP3j8T393j+2vLL Mrvhe12EmON36bC9EvcbxRHs8XWL6wMp6dnJBf6RRcgatwA0e6B5PwGCt 4Dcd/CR/gE3xO3UwtpcqpjY50cED6XILQlVL+AJZ43n4=</latexit><latexit sha1_base64="2E/1aSf neVzdNQECuDAxveZ8Zxg=">AAAIp3iclZVLb9NAEMenlEcIj7ZwQeISkY aXRLQpIFAFqFVfVKrUNmnTSk0V2c7GseoXthtRovIBkDhz4ARSDogjHOH EhS/AoR8BcSwSFw7MTjYNtuMWbCVez+8/u7Ozs2vVNQ0/YGxv4Njg8RMn T6VOp8+cPXd+aHjkQtl3tj2Nr2qO6XjrquJz07D5amAEJl93Pa5YqsnX1 K0pwdea3PMNx14Jdly+aSm6bdQNTQnQVB2+VlG5btgtxTR0++ZuuuJZmS lT8f3n8+kKt2tdUB3OsjyjKxNvFGQjC/JackYGP0IFauCABttgAQcbAmy boICP9wYUgIGLtk1ooc3DlkGcwy6k0XcbVRwVClq38F/Htw1ptfFd9OmT t4ajmPjz0DMDOfaNvWP77Ct7z76z34l9tagPEcsOPtWOL3erQy8ulX4d6 WXhM4BGz+vQmAOow32K1cDYXbKIWWgd/+azV/ul8WKudZW9ZT8w/jdsj3 3BGdjNn1p7mRdfHxJPNxIPaR1/InvizuGcOGrEiBlU7eB/DS11Ym3Zbq N3C+825d8kawZtu9RPTzXZRzUZUymkUVDhYkRKhKpERVRBjGnENPINkxo R8Wb28ZsmOp1AA+LRuMP6sAcntciyTx4OZi+saEpNk6r2MOWMHLszqwy+ R0ebQWahZgaqpPTwLUO2qHI20tdsTKET16k+rVgm5ojOJdAG0QZVUpiYM h9mbF1Mudom9amiPdrrAvGFRL5FXFSyS1UdphZRC6s+bLfJbsfsDtkdOh f0WG+LRBcTqCvn4h6cRPE6dKWigTRMlogs9SGeXNUGxhUmxch6FmPr6RM XtaX3WbES0VICDWTNN/rutZXI2CuxsQOZD/GM5rkpM9Gp/14+chDeI1k8 4TsrqOLsn8q979Au7J5ZLRiVVS/UoxRHeLQHBzVm40y7X4cefyQznMQfy vp9gvMwMK6/aQXGkM5T5fvyXBV7+xbkMRpOu3A+4nH7Hzz+p787R/ZXlt kV34ta7CTHG7/NheiXON4oj+ULLF9YvpudGJdf6RRchitwHUe6BxPwGCt 4Fcd/CR/gE3xO3Ugtpsqp9Y702ID0uQihK6X8AZdo3oE=</latexit><latexit sha1_base64="2E/1aSf neVzdNQECuDAxveZ8Zxg=">AAAIp3iclZVLb9NAEMenlEcIj7ZwQeISkY aXRLQpIFAFqFVfVKrUNmnTSk0V2c7GseoXthtRovIBkDhz4ARSDogjHOH EhS/AoR8BcSwSFw7MTjYNtuMWbCVez+8/u7Ozs2vVNQ0/YGxv4Njg8RMn T6VOp8+cPXd+aHjkQtl3tj2Nr2qO6XjrquJz07D5amAEJl93Pa5YqsnX1 K0pwdea3PMNx14Jdly+aSm6bdQNTQnQVB2+VlG5btgtxTR0++ZuuuJZmS lT8f3n8+kKt2tdUB3OsjyjKxNvFGQjC/JackYGP0IFauCABttgAQcbAmy boICP9wYUgIGLtk1ooc3DlkGcwy6k0XcbVRwVClq38F/Htw1ptfFd9OmT t4ajmPjz0DMDOfaNvWP77Ct7z76z34l9tagPEcsOPtWOL3erQy8ulX4d6 WXhM4BGz+vQmAOow32K1cDYXbKIWWgd/+azV/ul8WKudZW9ZT8w/jdsj3 3BGdjNn1p7mRdfHxJPNxIPaR1/InvizuGcOGrEiBlU7eB/DS11Ym3Zbq N3C+825d8kawZtu9RPTzXZRzUZUymkUVDhYkRKhKpERVRBjGnENPINkxo R8Wb28ZsmOp1AA+LRuMP6sAcntciyTx4OZi+saEpNk6r2MOWMHLszqwy+ R0ebQWahZgaqpPTwLUO2qHI20tdsTKET16k+rVgm5ojOJdAG0QZVUpiYM h9mbF1Mudom9amiPdrrAvGFRL5FXFSyS1UdphZRC6s+bLfJbsfsDtkdOh f0WG+LRBcTqCvn4h6cRPE6dKWigTRMlogs9SGeXNUGxhUmxch6FmPr6RM XtaX3WbES0VICDWTNN/rutZXI2CuxsQOZD/GM5rkpM9Gp/14+chDeI1k8 4TsrqOLsn8q979Au7J5ZLRiVVS/UoxRHeLQHBzVm40y7X4cefyQznMQfy vp9gvMwMK6/aQXGkM5T5fvyXBV7+xbkMRpOu3A+4nH7Hzz+p787R/ZXlt kV34ta7CTHG7/NheiXON4oj+ULLF9YvpudGJdf6RRchitwHUe6BxPwGCt 4Fcd/CR/gE3xO3Ugtpsqp9Y702ID0uQihK6X8AZdo3oE=</latexit><latexit sha1_base64="5P60P3j 1KCvCuOeroGDEOYCSPmQ=">AAAIp3iclZVLb9NAEMenLY8QHm3hgsQlIg 0viWhTkEAVoFZ9UalS26RNKzVVZDsbx6pf2G5EicoHQOLMgRNIOSCOcIQ TF74Ah34ExLFIXDgwO9k02I5bsJV4Pb//7M7Ozq5V1zT8gLH9gcGhEydP nU6dSZ89d/7C8MjoxbLv7HgaX9Mc0/E2VMXnpmHztcAITL7helyxVJOvq 9vTgq83uecbjr0a7Lp8y1J026gbmhKgqTpyvaJy3bBbimno9q29dMWzMt Om4vvPF9IVbte6oDqSZXlGVybeKMhGFuS17IwOfYQK1MABDXbAAg42BNg 2QQEf700oAAMXbVvQQpuHLYM4hz1Io+8OqjgqFLRu47+Ob5vSauO76NMn bw1HMfHnoWcGcuwbe8cO2Ff2nn1nvxP7alEfIpZdfKodX+5Wh19cLv061 svCZwCNnteRMQdQh/sUq4Gxu2QRs9A6/s1nrw5KE8Vc6xp7y35g/G/YPv uCM7CbP7X2Ci++PiKebiQe0jr+RPbEncM5cdSIETOo2sX/GlrqxNqy3U bvFt5tyr9J1gza9qifnmqqj2oqplJIo6DCxYiUCFWJiqiCGNOIaeQbJjU i4s3s4zdDdCaBBsSjcYf1YQ9OapFlnzwczF5Y0ZSaJlXtUcpZOXZnVhl8 j442i8xCzSxUSenhW4ZsUeVcpK+5mEInrlN9WrFMzBOdT6ANog2qpDAxZ T7M2LqYcrVN6lNFe7TXReKLiXybuKhkl6o6TC2iFlZ92G6T3Y7ZHbI7dC 7osd6WiC4lUFfOxT08ieJ16EpFA2mYLBNZ7kM8uaoNjCtMipH1LMbW0yc uakvvs2IloqUEGsiab/Tda6uRsVdjYwcyH+IZzXNTZqJT/7185CC8R7J4 wndWUMXZP5V736Fd2D2zWjAmq16oxyiO8GgPDmvMxpl2vw49/khmOIk/l PX7BOdhYFx/0wqMI12gyvfluSr29m3IYzScduFCxOPOP3j8T393j+2vLL Mrvhe12EmON36bC9EvcbxRHs8XWL6wMp6dnJBf6RRcgatwA0e6B5PwGCt 4Dcd/CR/gE3xO3UwtpcqpjY50cED6XILQlVL+AJZ43n4=</latexit>
Class II
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FIG. 1: Typical numerical plots of f(r) (black solid and gray dashed lines). The black solid lines show f(r) in the range
r > rH and 0 ≤ f ≤ f0. The intersections of the blue solid lines q and the black solid lines f give r1 and r2. We note that r1
(r2) is monotonically increasing (decreasing) with respect to q.
It is worth noting that r0 and f0 depend only on e and monotonically decrease with respect to e in the range
r0(1) = 2 ≤ r0 ≤ 3 = r0(0), (23)
f0(1) = 16 ≤ f0 ≤ 27 = f0(0), (24)
and q satisfies the inequality
0 ≤ q ≤ f0(e). (25)
At the horizon, f takes the value
f(rH) =

4− 1
a2
for a2 + e2 = 1,
− r
4
H
a2
for a2 + e2 < 1.
(26a)
(26b)
This implies that f(rH) > 0 only holds for a
2 + e2 = 1 and a > 1/2. Then, we define two classes according to the sign
of f(rH) as follows:
Class I : a2 + e2 = 1 and a >
1
2
,
Class II :

a2 + e2 = 1 and a ≤ 1
2
or
a2 + e2 < 1.
(27a)
(27b)
Under this classification, we consider the appearance of the roots of Eq. (20) outside the horizon, i.e., the radii of
spherical photon orbits. For Class I, Eq. (20) in the range f(rH) < q ≤ f0 has two roots ri(q) (r1 ≤ r2) outside the
horizon. On the other hand, the equation in the range 0 ≤ q ≤ f(rH) only has the largest root r2(q) outside the
horizon, while has the next largest root r1(q) inside the horizon. For Class II, Eq. (20) in the range 0 ≤ q ≤ f0 has
the two roots ri(q) (r1 ≤ r2) outside the horizon. In both classes, ri (i = 1, 2) coincide with r0 in the case q = f0. In
particular, if q = 0, the radii ri reduce to those of circular photon orbits
rc,i ≡ ri(0). (28)
Therefore, in other words, the criterion of the classification in Eq. (27) is whether or not the radius of the innermost
spherical photon orbit reaches the horizon. Figure 1 shows typical plots of f(r) and the relations among rH, ri, rc,i,
and r0.
5TABLE I: Range of b in which a photon can escape from (r, θ) = (r∗, pi/2) to infinity. The last column shows two pairs (σr, b)
of the marginal parameter values with which a photon cannot escape to infinity for each cases.
Cases q σr = + σr = − marginal pairs of (σr, b)
(a): r1 < rH < r∗ 0 ≤ q < f(rH) (Class I) bs2 < b ≤ b1(r∗) b1(rH) < b < b1(r∗) (+, bs2) and (−, b1(rH))
(b): rH ≤ r1 < r∗
f(rH) ≤ q < f(r∗) (Class I)
bs2 < b ≤ b1(r∗) bs1 < b < b1(r∗) (+, bs2) and (−, bs1)
0 ≤ q < f(r∗) (Class II)
(c): rH < r∗ ≤ r1 f(r∗) ≤ q ≤ f0 (Classes I & II) bs2 < b < bs1 n/a (+, bs2) and (+, bs1)
r
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<latexit sha1_base64="XvdVVVOJdiTmgxLeRKZn//oxQE8=">AAAIznicl ZVLb9NAEICnlIcpj7ZwQeISkQYQEtGmIIEqQK3og0qVmiZ9SW2pbGfjWPUL27UoUcUV8Qc4cAIpB8S1/4ALf4BDucIFcSwSFw7MTrZNbcct2Eq8nm9mdnZmd q15lhmEjO32nOg9eer0GeVs37nzFy72DwxeWgzcTV/nC7pruf6ypgbcMh2+EJqhxZc9n6u2ZvElbeOx4EsR9wPTdebDLY+v2arhmHVTV0MUuQM3YBU04GCAC Q40QQULRwaOb8E29CFbhxI8RdICH2zIQUDyVbRxoJa0WB/IsyKjK5celOQgD/Iqu4O9O+irBi7osIn+hdcQxxb6DfBewdkZeChbo7l8HJnEuYxjE7U4aqgo3 cB/A99WpNTBd+EzIGsdZ7Hw56NlDgrsC/vA9thn9pH9YH8yfTXJh4hlC59a25Z76/2vr1R/H2tl4zOERsfqyJhDqMN9ilVUwyOJWIXeto9evNmrjlQKzevsPf uJ8b9ju+wTrsCJfumtOV55e0Q8+5H4SOuyiuIuHKp/DrW28L+Gkjqxlhy30LpJXSDyb5E0h7Jt8tPRGuuiNZbSUklHdI6HEakJqhEVUYUpphPTyTZOakTEm9 XFbpzoeAYNiSfjjuvHLThpiywHZOFi9uIakdSJqGuP0pyQc7dXlcP35GwTyGzUmcDd2NmJQpbUnEz4mkxpGMQN6k87lYkpolMZtEG0QZ0UJ5bMh5WqiyWrbZ FPDeVJrzPEZzL5BnHRyR51dZzaRG3s+rjcIbmTkrskd+lcMFLeZonOZlBPrsU7OInSfehJjQbSOCkTKXchvqxqA+OKk0qinpVUPQPiAZ3B6YpViVYzaCh7vt F1r80n5p5PzR3KfIhnMs+RzES7/zv5KEB8j+TxhG9XUMPVP5d736VduH9mNWFIdr3QHqI44rM9OOgxB1e6/3Xo8Ecyw1n8oezfZ7gOE+M6TFdhGOk0dX4gz1W xt29DEaPhtAunExZ3/sHif/zdPdbfosxu+7ucPMnxxm9zKfklTg8Wh4slVizNDedHR+RXWoGrcA1u4kz3YBSeYAcv4Pw78BW+wXelrETKtvKyrXqiR9pchti lvPoL6QrgNA==</latexit><latexit sha1_base64="KuK2YH1k9f+DUKOttx02JgW2+HA=">AAAIznicl ZVLb9NAEICnLQ9THm3hgsQlIg0gJKJNAYEqQK3og0qVmiZ9SU2pbGeTWPUL27UoUcUV8Qc4cAIpB8S1/4ALf4BDucIFcSwSFw7MTrZNbcct2Eq8nm9mdnZmd q25puEHjO329PadOHnqtHKm/+y58xcGBocuLvnOpqfzRd0xHW9FU31uGjZfDIzA5Cuux1VLM/mytvFY8OWQe77h2AvBlsvXLLVuGzVDVwMUOYPXoQIacKiDA TY0QQUTR3Uc34Rt6Ee2DgV4iqQFHliQAZ/kFbSxoRq3WB/MsjyjK5McFOQgC/IqOkN9O+irCg7osIn+hdcAxyb69fFexdkZuChbo7k8HBnEuYxjE7U4aqgo3 cD/Or6tSqmN78KnT9Y6zmLiz0PLDOTYF/aB7bHP7CP7wf6k+mqSDxHLFj61ti131wdeXy7/PtbKwmcAjY7VkTEHUIP7FKuohksSsQq9bR++eLNXHi3lmtfYe/ YT43/HdtknXIEd/tJb87z09oh49iPxkNZkFcWdO1T/DGpt4X8VJTViLTluoXWTukDk3yRpBmXb5KejNd5FazyhpZKO6BwXI1JjVCMqogoSTCemk22UVImIN7 OL3QTRiRQaEI/HHdWPWnDSFln2ycLB7EU1QqkTUtcepTkp526vKoPv8dkmkVmoM4m7sbMThSyuORXzNZXQqBOvU39aiUxME51OoQ2iDeqkKDFlPsxEXUxZbZ N8aiiPe50lPpvKN4iLTnapq6PUImph10flNsnthNwhuUPnQj3hbY7oXAp15Vrcg5Mo2Yeu1GggjZIikWIX4smqNjCuKCnF6llK1NMn7tMZnKxYmWg5hQay5x td99pCbO6FxNyBzId4xvMcyky0+7+TjxxE90gWT/h2BTVc/XO59x3ahftnVhOGZdcL7WGKIzrbg4Mes3Gl+1+HDn8kM5zGH8r+fYbrMDCuw7QCI0hnqPN9ea6 KvX0L8hgNp104E7O4/Q8W/+PvzrH+lmR229/l+EmON36bC/EvcXKwNJIvsHxh/m52bFR+pRW4AlfhBs50D8bgCXbwIs6/A1/hG3xXikqobCsv26q9PdLmEkQ u5dVf6frgNw==</latexit><latexit sha1_base64="KuK2YH1k9f+DUKOttx02JgW2+HA=">AAAIznicl ZVLb9NAEICnLQ9THm3hgsQlIg0gJKJNAYEqQK3og0qVmiZ9SU2pbGeTWPUL27UoUcUV8Qc4cAIpB8S1/4ALf4BDucIFcSwSFw7MTrZNbcct2Eq8nm9mdnZmd q25puEHjO329PadOHnqtHKm/+y58xcGBocuLvnOpqfzRd0xHW9FU31uGjZfDIzA5Cuux1VLM/mytvFY8OWQe77h2AvBlsvXLLVuGzVDVwMUOYPXoQIacKiDA TY0QQUTR3Uc34Rt6Ee2DgV4iqQFHliQAZ/kFbSxoRq3WB/MsjyjK5McFOQgC/IqOkN9O+irCg7osIn+hdcAxyb69fFexdkZuChbo7k8HBnEuYxjE7U4aqgo3 cD/Or6tSqmN78KnT9Y6zmLiz0PLDOTYF/aB7bHP7CP7wf6k+mqSDxHLFj61ti131wdeXy7/PtbKwmcAjY7VkTEHUIP7FKuohksSsQq9bR++eLNXHi3lmtfYe/ YT43/HdtknXIEd/tJb87z09oh49iPxkNZkFcWdO1T/DGpt4X8VJTViLTluoXWTukDk3yRpBmXb5KejNd5FazyhpZKO6BwXI1JjVCMqogoSTCemk22UVImIN7 OL3QTRiRQaEI/HHdWPWnDSFln2ycLB7EU1QqkTUtcepTkp526vKoPv8dkmkVmoM4m7sbMThSyuORXzNZXQqBOvU39aiUxME51OoQ2iDeqkKDFlPsxEXUxZbZ N8aiiPe50lPpvKN4iLTnapq6PUImph10flNsnthNwhuUPnQj3hbY7oXAp15Vrcg5Mo2Yeu1GggjZIikWIX4smqNjCuKCnF6llK1NMn7tMZnKxYmWg5hQay5x td99pCbO6FxNyBzId4xvMcyky0+7+TjxxE90gWT/h2BTVc/XO59x3ahftnVhOGZdcL7WGKIzrbg4Mes3Gl+1+HDn8kM5zGH8r+fYbrMDCuw7QCI0hnqPN9ea6 KvX0L8hgNp104E7O4/Q8W/+PvzrH+lmR229/l+EmON36bC/EvcXKwNJIvsHxh/m52bFR+pRW4AlfhBs50D8bgCXbwIs6/A1/hG3xXikqobCsv26q9PdLmEkQ u5dVf6frgNw==</latexit><latexit sha1_base64="XvdVVVOJdiTmgxLeRKZn//oxQE8=">AAAIznicl ZVLb9NAEICnlIcpj7ZwQeISkQYQEtGmIIEqQK3og0qVmiZ9SW2pbGfjWPUL27UoUcUV8Qc4cAIpB8S1/4ALf4BDucIFcSwSFw7MTrZNbcct2Eq8nm9mdnZmd q15lhmEjO32nOg9eer0GeVs37nzFy72DwxeWgzcTV/nC7pruf6ypgbcMh2+EJqhxZc9n6u2ZvElbeOx4EsR9wPTdebDLY+v2arhmHVTV0MUuQM3YBU04GCAC Q40QQULRwaOb8E29CFbhxI8RdICH2zIQUDyVbRxoJa0WB/IsyKjK5celOQgD/Iqu4O9O+irBi7osIn+hdcQxxb6DfBewdkZeChbo7l8HJnEuYxjE7U4aqgo3 cB/A99WpNTBd+EzIGsdZ7Hw56NlDgrsC/vA9thn9pH9YH8yfTXJh4hlC59a25Z76/2vr1R/H2tl4zOERsfqyJhDqMN9ilVUwyOJWIXeto9evNmrjlQKzevsPf uJ8b9ju+wTrsCJfumtOV55e0Q8+5H4SOuyiuIuHKp/DrW28L+Gkjqxlhy30LpJXSDyb5E0h7Jt8tPRGuuiNZbSUklHdI6HEakJqhEVUYUpphPTyTZOakTEm9 XFbpzoeAYNiSfjjuvHLThpiywHZOFi9uIakdSJqGuP0pyQc7dXlcP35GwTyGzUmcDd2NmJQpbUnEz4mkxpGMQN6k87lYkpolMZtEG0QZ0UJ5bMh5WqiyWrbZ FPDeVJrzPEZzL5BnHRyR51dZzaRG3s+rjcIbmTkrskd+lcMFLeZonOZlBPrsU7OInSfehJjQbSOCkTKXchvqxqA+OKk0qinpVUPQPiAZ3B6YpViVYzaCh7vt F1r80n5p5PzR3KfIhnMs+RzES7/zv5KEB8j+TxhG9XUMPVP5d736VduH9mNWFIdr3QHqI44rM9OOgxB1e6/3Xo8Ecyw1n8oezfZ7gOE+M6TFdhGOk0dX4gz1W xt29DEaPhtAunExZ3/sHif/zdPdbfosxu+7ucPMnxxm9zKfklTg8Wh4slVizNDedHR+RXWoGrcA1u4kz3YBSeYAcv4Pw78BW+wXelrETKtvKyrXqiR9pchti lvPoL6QrgNA==</latexit>
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rH
<latexit sha1_ba se64="ywovRF++2TpopmbHqrqC7H6p qdw=">AAAIyniclVVLb9NAEJ62PEx5 tIULEpeINAghEW0KEqgC1Io+qFSpad KX1FaV7Wwcq35huxEh6o0Tf4ADJ5By QFw48A+48AdA6gmuiGORuHBgdrxtaj tuwZbt9XzfPHZmdlfzLDMIGdvr6x84 dfrMWeXc4PkLFy8NDY9cXgncHV/ny7 pruf6apgbcMh2+HJqhxdc8n6u2ZvFV bfuxwFeb3A9M11kKWx7ftFXDMeumro YococLsAEacDDABAfaoIKFIwPHt2AX BsGHLZR28GtDDp6QbAP5DtSS7K3hPC syunLpQUkO8iCvsjsy8BFt1cAFHXbQ vrAa4thCuwHe61ACBh7KNsmXjyOTcC 7j2EEWR4aK0m18G/i3LqUO/gubAWnr 6MXCx0fNHBTYF/aO7bPP7D37wf5k2m qTDRFLC79apMu9raGXV6u/T9Sy8RtCo 6t1bMwh1OE+xSoq4ZFEzEKP9JvPX+1 XxyuF9g32lv3E+N+wPfYJZ+A0f+mdR V55fUw8B5H4iNbxEdkTd+FI7XPIauG 7hpI6YR057qB2m7pA5N8iaQ5lu2Sny 5rswZpMsVTiiM7xMCI1gWqEiqjCFKY TppNuHKkRIv6sHnpThE5loCHhybjj/ LgGJ7bIckAaLmYvzmhKTpO69jjmtPQ dzSqH/0lv04jZyJmOrUQhSzJnErZmU gyDcIP6005lYpbQ2Qy0QWiDOimOWDI fVqoulqy2RTY1lCetzhM+n4lvEy462 aOujqM2oTZ2fVzukNxJyV2Su7QvGCl rC4QuZKCenIt3uBOl+9CTjAaicaRMS LkH4suqNjCuOFJJ1LOSqmdAeEB7cLp iVUKrGWgoe77Rc60tJXwvpXyHMh/im 8xzU2Yi6v9uPgoQXyN53OGjCmo4+2d y7bu0Cg/2rDaMyq4X7FGKI+7twWGPOT jTg9Ohiz+SGc7CH8r+fYrzMDGuo+gG jCE6R50fyH1VrO3bUMRoOK3CuYTGnX /Q+B97d0+0tyKzG53LyZ0cbzybS8mT OD1YGSuWWLG0OJafGJentALX4DrcRE /3YALP/zIso/8P8BW+wXdlXvGVltKO qP19UucKxC7lxV+0+t9k</latexit><latexit sha1_ba se64="iGYCQhnbQoMtCDKWxjxietG0 skM=">AAAIyniclVVLb9NAEJ5SHqY8 2sIFiUtEGoSQiDYFBKoAtaIPKlVqmv QltVVlOxvHql/YbkSIeuPEH+DACaQc EBcO/AMu/AGQeoIr4lgkLhyYHW+b2o 5bsGV7Pd83j52Z3dU8ywxCxnb7TvSf PHX6jHJ24Nz5CxcHh4YvLQfutq/zJd 21XH9VUwNumQ5fCs3Q4quez1Vbs/iK tvVY4CtN7gem6yyGLY9v2KrhmHVTV0 MUuUMFWAcNOBhgggNtUMHCkYHjm7AD A+DDJko7+LUhB09Ito58B2pJ9uZQnh UZXbn0oCQHeZBX2R3u/4i2auCCDtto X1gNcWyh3QDvNSgBAw9lG+TLx5FJOJ dxbCOLI0NF6Ra+Dfxbk1IH/4XNgLR1 9GLh46NmDgrsC3vH9thn9p79YH8ybb XJhoilhV8t0uXe5uDLK9Xfx2rZ+A2h0 dU6MuYQ6nCfYhWV8EgiZqFH+s3nr/a qY5VC+zp7y35i/G/YLvuEM3Cav/TOA q+8PiKe/Uh8ROv4iOyJu3Co9jlktfB dQ0mdsI4cd1C7TV0g8m+RNIeyHbLTZ U30YE2kWCpxROd4GJGaQDVCRVRhCtM J00k3jtQIEX9WD71JQicz0JDwZNxxf lyDE1tkOSANF7MXZzQlp0ldexRzSvq OZpXD/6S3KcRs5EzFVqKQJZnTCVvTK YZBuEH9aacyMUPoTAbaILRBnRRHLJk PK1UXS1bbIpsaypNW5wify8S3CBed7 FFXx1GbUBu7Pi53SO6k5C7JXdoXjJS 1eULnM1BPzsU72InSfehJRgPROFImp NwD8WVVGxhXHKkk6llJ1TMgPKA9OF2 xKqHVDDSUPd/oudYWE74XU75DmQ/xT ea5KTMR9X83HwWIr5E87vBRBTWc/TO 59l1ahft7VhtGZNcL9gjFEff24KDHHJ zp/unQxR/JDGfhD2X/PsV5mBjXYXQd RhGdpc4P5L4q1vYtKGI0nFbhbELj9j 9o/I+9O8faW5bZjc7l5E6ON57NpeRJ nB4sjxZLrFhauJsfH5OntAJX4RrcQE /3YBzP/zIsof8P8BW+wXdlTvGVltKO qCf6pM5liF3Ki7+16t9n</latexit><latexit sha1_ba se64="iGYCQhnbQoMtCDKWxjxietG0 skM=">AAAIyniclVVLb9NAEJ5SHqY8 2sIFiUtEGoSQiDYFBKoAtaIPKlVqmv QltVVlOxvHql/YbkSIeuPEH+DACaQc EBcO/AMu/AGQeoIr4lgkLhyYHW+b2o 5bsGV7Pd83j52Z3dU8ywxCxnb7TvSf PHX6jHJ24Nz5CxcHh4YvLQfutq/zJd 21XH9VUwNumQ5fCs3Q4quez1Vbs/iK tvVY4CtN7gem6yyGLY9v2KrhmHVTV0 MUuUMFWAcNOBhgggNtUMHCkYHjm7AD A+DDJko7+LUhB09Ito58B2pJ9uZQnh UZXbn0oCQHeZBX2R3u/4i2auCCDtto X1gNcWyh3QDvNSgBAw9lG+TLx5FJOJ dxbCOLI0NF6Ra+Dfxbk1IH/4XNgLR1 9GLh46NmDgrsC3vH9thn9p79YH8ybb XJhoilhV8t0uXe5uDLK9Xfx2rZ+A2h0 dU6MuYQ6nCfYhWV8EgiZqFH+s3nr/a qY5VC+zp7y35i/G/YLvuEM3Cav/TOA q+8PiKe/Uh8ROv4iOyJu3Co9jlktfB dQ0mdsI4cd1C7TV0g8m+RNIeyHbLTZ U30YE2kWCpxROd4GJGaQDVCRVRhCtM J00k3jtQIEX9WD71JQicz0JDwZNxxf lyDE1tkOSANF7MXZzQlp0ldexRzSvq OZpXD/6S3KcRs5EzFVqKQJZnTCVvTK YZBuEH9aacyMUPoTAbaILRBnRRHLJk PK1UXS1bbIpsaypNW5wify8S3CBed7 FFXx1GbUBu7Pi53SO6k5C7JXdoXjJS 1eULnM1BPzsU72InSfehJRgPROFImp NwD8WVVGxhXHKkk6llJ1TMgPKA9OF2 xKqHVDDSUPd/oudYWE74XU75DmQ/xT ea5KTMR9X83HwWIr5E87vBRBTWc/TO 59l1ahft7VhtGZNcL9gjFEff24KDHHJ zp/unQxR/JDGfhD2X/PsV5mBjXYXQd RhGdpc4P5L4q1vYtKGI0nFbhbELj9j 9o/I+9O8faW5bZjc7l5E6ON57NpeRJ nB4sjxZLrFhauJsfH5OntAJX4RrcQE /3YBzP/zIsof8P8BW+wXdlTvGVltKO qCf6pM5liF3Ki7+16t9n</latexit><latexit sha1_ba se64="ywovRF++2TpopmbHqrqC7H6p qdw=">AAAIyniclVVLb9NAEJ62PEx5 tIULEpeINAghEW0KEqgC1Io+qFSpad KX1FaV7Wwcq35huxEh6o0Tf4ADJ5By QFw48A+48AdA6gmuiGORuHBgdrxtaj tuwZbt9XzfPHZmdlfzLDMIGdvr6x84 dfrMWeXc4PkLFy8NDY9cXgncHV/ny7 pruf6apgbcMh2+HJqhxdc8n6u2ZvFV bfuxwFeb3A9M11kKWx7ftFXDMeumro YococLsAEacDDABAfaoIKFIwPHt2AX BsGHLZR28GtDDp6QbAP5DtSS7K3hPC syunLpQUkO8iCvsjsy8BFt1cAFHXbQ vrAa4thCuwHe61ACBh7KNsmXjyOTcC 7j2EEWR4aK0m18G/i3LqUO/gubAWnr 6MXCx0fNHBTYF/aO7bPP7D37wf5k2m qTDRFLC79apMu9raGXV6u/T9Sy8RtCo 6t1bMwh1OE+xSoq4ZFEzEKP9JvPX+1 XxyuF9g32lv3E+N+wPfYJZ+A0f+mdR V55fUw8B5H4iNbxEdkTd+FI7XPIauG 7hpI6YR057qB2m7pA5N8iaQ5lu2Sny 5rswZpMsVTiiM7xMCI1gWqEiqjCFKY TppNuHKkRIv6sHnpThE5loCHhybjj/ LgGJ7bIckAaLmYvzmhKTpO69jjmtPQ dzSqH/0lv04jZyJmOrUQhSzJnErZmU gyDcIP6005lYpbQ2Qy0QWiDOimOWDI fVqoulqy2RTY1lCetzhM+n4lvEy462 aOujqM2oTZ2fVzukNxJyV2Su7QvGCl rC4QuZKCenIt3uBOl+9CTjAaicaRMS LkH4suqNjCuOFJJ1LOSqmdAeEB7cLp iVUKrGWgoe77Rc60tJXwvpXyHMh/im 8xzU2Yi6v9uPgoQXyN53OGjCmo4+2d y7bu0Cg/2rDaMyq4X7FGKI+7twWGPOT jTg9Ohiz+SGc7CH8r+fYrzMDGuo+gG jCE6R50fyH1VrO3bUMRoOK3CuYTGnX /Q+B97d0+0tyKzG53LyZ0cbzybS8mT OD1YGSuWWLG0OJafGJentALX4DrcRE /3YALP/zIso/8P8BW+wXdlXvGVltKO qP19UucKxC7lxV+0+t9k</latexit>
r⇤
<latexit sha1_base64="Q68Ggi01T eyvP5tA5vio4HAJEnY=">AAAIn3iclZVLb9NAEMenlIcJj7ZwQeJAIA1ClYg 2BQlUAWpFH1SqaJr0hZoqsp2NY9UvbDeiRD1y4Qtw4ARSDqjX8gm48AU49CM gjkXiwoHZyabBdtKCrcTr+f1nd3Z2dq15lhmEjB0MnBo8febsOeV86sLFS5e HhkeurAbutq/zFd21XH9dUwNumQ5fCc3Q4uuez1Vbs/iatvVU8LUG9wPTdZb DHY9v2qrhmDVTV0M0VYZvlDVumE5TtUzDGdtN+ZWxVJk71Y6hMpxhOUZXOtn Iy0YG5FVwRwb3oQxVcEGHbbCBgwMhti1QIcB7A/LAwEPbJjTR5mPLJM5hF1L ou40qjgoVrVv4b+DbhrQ6+C76DMhbx1Es/PnomYYs+8Y+sUP2le2x7+x3376 a1IeIZQefWtuXe5Wht9dKv070svEZQr3rdWzMIdTgIcVqYuweWcQs9LZ/4/W7 w9JEMdu8zT6yHxj/B3bAvuAMnMZPvbXEi++PiacTiY+0hj+RPXFncU4cNWLE NKp28L+Klhqxlmy30LuJd4vyb5E1jbZd6qermuqhmkqoVNKoqPAwIjVGNaIi qjDBdGI6+UZJlYh4s3r4TROd7kND4vG4o/qoBye1yHJAHi5mL6poSE2DqvY4 5Ywcuz2rNL7HR5tBZqNmBiqk9PEtTba4cjbW12xCYRA3qD7tRCbmiM71oXWi daqkKLFkPqzEulhytS3qU0N7vNcF4gt9+RZxUckeVXWU2kRtrPqo3SG7k7C7 ZHfpXDASvS0SXexDPTkX7+gkStahJxV1pFFSIFLoQXy5qnWMK0qKsfUsJtYz IC5qy+ixYiWipT40lDVf77nXlmNjLyfGDmU+xDOe54bMRLv+u/nIQnSPZPCE b6+ghrN/Jfe+S7uwc2Y1YVRWvVCPUhzR0R4d1ZiDM+18Hbr8icxwP/5Y1u9Ln IeJcf1NyzCOdJ4qP5DnqtjbdyGH0XDahfMxj3v/4PE//d0/sb9VmV3xvagmT nK88ducj3+Jk43V8Vye5fJL45nJCfmVVuA63II7ONIDmIRnWMErOP4b2IN9+ KzcVOaU50qhLT01IH2uQuRSXvwBkiXbEQ==</latexit><latexit sha1_base64="zU8oIIlSE YsdFwcsc0iQk35Q4vE=">AAAIn3iclZVLb9NAEMenLY8QHm3hgsSBQBqEKhF tCghUAWpFH1SqaJq0aVFTRbazcaz6he1GlKhHLnwBDpxAygH1Wj4BF74Ah34 ExLFIXDgwO9k02E5asJV4Pb//7M7Ozq5V1zT8gLGDgcGhU6fPnE2cS56/cPH S8Mjo5ZLvbHsaX9Uc0/HWVcXnpmHz1cAITL7uelyxVJOvqVtPBV9rcM83HHs l2HH5pqXotlEzNCVAU2XkelnlumE3FdPQ7fHdpFcZT5a5Xe0YKiNplmV0peK NnGykQV55Z3RoH8pQBQc02AYLONgQYNsEBXy8NyAHDFy0bUITbR62DOIcdiG Jvtuo4qhQ0LqF/zq+bUirje+iT5+8NRzFxJ+HninIsG/sEztkX9ke+85+9+2 rSX2IWHbwqbZ9uVsZfnu1+OtELwufAdS7XsfGHEANHlKsBsbukkXMQmv7N16/ OyxOFjLNW+wj+4Hxf2AH7AvOwG781FrLvPD+mHg6kXhIa/gT2RN3BufEUSNG TKFqB/+raKkRa8l2C72beLco/yZZU2jbpX66qukequmYSiGNggoXI1IiVCUq ogpiTCOmkW+YVImIN7OH3wzRmT40IB6NO6wPe3BSiyz75OFg9sKKhtQ0qGqP U87KsduzSuF7dLRZZBZqZqFCSg/fUmSLKucifc3FFDpxnerTimVinuh8H1on WqdKChNT5sOMrYspV9ukPlW0R3tdJL7Yl28RF5XsUlWHqUXUwqoP222y2zG7 Q3aHzgU91tsS0aU+1JVzcY9OongdulJRRxomeSL5HsSTq1rHuMKkEFnPQmw9 feKitvQeK1YkWuxDA1nz9Z57bSUy9kps7EDmQzyjeW7ITLTrv5uPDIT3SBpP +PYKqjj7V3LvO7QLO2dWE8Zk1Qv1GMURHu3RUY3ZONPO16HLn8gM9+OPZf2+x HkYGNfftAwTSBeo8n15roq9fQeyGA2nXbgQ8bj7Dx7/09+9E/sryeyK70U1d pLjjd/mXPRLHG+UJrI5ls0t309PTcqvdAKuwU24jSM9gCl4hhW8iuO/gT3Yh 8+JG4n5xPNEvi0dHJA+VyB0JV78AZMV2xQ=</latexit><latexit sha1_base64="zU8oIIlSE YsdFwcsc0iQk35Q4vE=">AAAIn3iclZVLb9NAEMenLY8QHm3hgsSBQBqEKhF tCghUAWpFH1SqaJq0aVFTRbazcaz6he1GlKhHLnwBDpxAygH1Wj4BF74Ah34 ExLFIXDgwO9k02E5asJV4Pb//7M7Ozq5V1zT8gLGDgcGhU6fPnE2cS56/cPH S8Mjo5ZLvbHsaX9Uc0/HWVcXnpmHz1cAITL7uelyxVJOvqVtPBV9rcM83HHs l2HH5pqXotlEzNCVAU2XkelnlumE3FdPQ7fHdpFcZT5a5Xe0YKiNplmV0peK NnGykQV55Z3RoH8pQBQc02AYLONgQYNsEBXy8NyAHDFy0bUITbR62DOIcdiG Jvtuo4qhQ0LqF/zq+bUirje+iT5+8NRzFxJ+HninIsG/sEztkX9ke+85+9+2 rSX2IWHbwqbZ9uVsZfnu1+OtELwufAdS7XsfGHEANHlKsBsbukkXMQmv7N16/ OyxOFjLNW+wj+4Hxf2AH7AvOwG781FrLvPD+mHg6kXhIa/gT2RN3BufEUSNG TKFqB/+raKkRa8l2C72beLco/yZZU2jbpX66qukequmYSiGNggoXI1IiVCUq ogpiTCOmkW+YVImIN7OH3wzRmT40IB6NO6wPe3BSiyz75OFg9sKKhtQ0qGqP U87KsduzSuF7dLRZZBZqZqFCSg/fUmSLKucifc3FFDpxnerTimVinuh8H1on WqdKChNT5sOMrYspV9ukPlW0R3tdJL7Yl28RF5XsUlWHqUXUwqoP222y2zG7 Q3aHzgU91tsS0aU+1JVzcY9OongdulJRRxomeSL5HsSTq1rHuMKkEFnPQmw9 feKitvQeK1YkWuxDA1nz9Z57bSUy9kps7EDmQzyjeW7ITLTrv5uPDIT3SBpP +PYKqjj7V3LvO7QLO2dWE8Zk1Qv1GMURHu3RUY3ZONPO16HLn8gM9+OPZf2+x HkYGNfftAwTSBeo8n15roq9fQeyGA2nXbgQ8bj7Dx7/09+9E/sryeyK70U1d pLjjd/mXPRLHG+UJrI5ls0t309PTcqvdAKuwU24jSM9gCl4hhW8iuO/gT3Yh 8+JG4n5xPNEvi0dHJA+VyB0JV78AZMV2xQ=</latexit><latexit sha1_base64="Q68Ggi01T eyvP5tA5vio4HAJEnY=">AAAIn3iclZVLb9NAEMenlIcJj7ZwQeJAIA1ClYg 2BQlUAWpFH1SqaJr0hZoqsp2NY9UvbDeiRD1y4Qtw4ARSDqjX8gm48AU49CM gjkXiwoHZyabBdtKCrcTr+f1nd3Z2dq15lhmEjB0MnBo8febsOeV86sLFS5e HhkeurAbutq/zFd21XH9dUwNumQ5fCc3Q4uuez1Vbs/iatvVU8LUG9wPTdZb DHY9v2qrhmDVTV0M0VYZvlDVumE5TtUzDGdtN+ZWxVJk71Y6hMpxhOUZXOtn Iy0YG5FVwRwb3oQxVcEGHbbCBgwMhti1QIcB7A/LAwEPbJjTR5mPLJM5hF1L ou40qjgoVrVv4b+DbhrQ6+C76DMhbx1Es/PnomYYs+8Y+sUP2le2x7+x3376 a1IeIZQefWtuXe5Wht9dKv070svEZQr3rdWzMIdTgIcVqYuweWcQs9LZ/4/W7 w9JEMdu8zT6yHxj/B3bAvuAMnMZPvbXEi++PiacTiY+0hj+RPXFncU4cNWLE NKp28L+Klhqxlmy30LuJd4vyb5E1jbZd6qermuqhmkqoVNKoqPAwIjVGNaIi qjDBdGI6+UZJlYh4s3r4TROd7kND4vG4o/qoBye1yHJAHi5mL6poSE2DqvY4 5Ywcuz2rNL7HR5tBZqNmBiqk9PEtTba4cjbW12xCYRA3qD7tRCbmiM71oXWi daqkKLFkPqzEulhytS3qU0N7vNcF4gt9+RZxUckeVXWU2kRtrPqo3SG7k7C7 ZHfpXDASvS0SXexDPTkX7+gkStahJxV1pFFSIFLoQXy5qnWMK0qKsfUsJtYz IC5qy+ixYiWipT40lDVf77nXlmNjLyfGDmU+xDOe54bMRLv+u/nIQnSPZPCE b6+ghrN/Jfe+S7uwc2Y1YVRWvVCPUhzR0R4d1ZiDM+18Hbr8icxwP/5Y1u9Ln IeJcf1NyzCOdJ4qP5DnqtjbdyGH0XDahfMxj3v/4PE//d0/sb9VmV3xvagmT nK88ducj3+Jk43V8Vye5fJL45nJCfmVVuA63II7ONIDmIRnWMErOP4b2IN9+ KzcVOaU50qhLT01IH2uQuRSXvwBkiXbEQ==</latexit>
bs2
<latexit sha1_ba se64="AhaFxw/Xzqoy/UE60AuTtQpP DC4=">AAAIzniclZVLb9NAEICnlIcp j7ZwQeISkQYQEtGmIIEqQK3og0qVmi Z9SW2pbGfjWPUL27UoUcUV8Qc4cAIp B8S1/4ALf4BDucIFcSwSFw7MTrZNbc ct2Eq8O9/M7Ozs7K7mWWYQMrbbc6L3 5KnTZ5SzfefOX7jYPzB4aTFwN32dL+ iu5frLmhpwy3T4QmiGFl/2fK7amsWX tI3Hgi9F3A9M15kPtzy+ZquGY9ZNXQ 1R5A7cgFXQgIMBJjjQBBUsbBnYvgXb 0IdsHYbhKZIW+GBDDgKSr6KNA7Wkxf pAnhUZPbl0oyQbeZBP2R3s3UFfNXBB h030L7yG2LbQb4DvCpSAgYeyNRrLx5 ZJnMs4NlGLo4aK0g38N7C3IqUO9oXP gKx1HMXCn4+WOSiwL+wD22Of2Uf2g/ 3J9NUkHyKWLfxqbVvurfe/vlL9fayVj d8QGh2rI2MOoQ73KVaxGh5JxCz0tn3 04s1edaRSaF5n79lPjP8d22WfcAZO9 EtvzfHK2yPi2Y/ER1qXqyjewqH1z6H WFv7XUFIn1pLtFlo3qQpE/i2S5lC2T X46WmNdtMZSWirpiMrxMCI1QTWiIqo wxXRiOtnGSY2I6Fld7MaJjmfQkHgy7 rh+3IKTtshyQBYuZi+uEUmdiKr2KM0 JOXZ7VjnsJ0ebQGajzgTuxs5OFLKk5 mTC12RKwyBuUH3aqUxMEZ3KoA2iDaq kOLFkPqzUulhytS3yqaE86XWG+Ewm3 yAuKtmjqo5Tm6iNVR+XOyR3UnKX5C6 dC0bK2yzR2Qzqybl4BydRug49qdFAG idlIuUuxJer2sC44qSSWM9Kaj0D4gG dwekVqxKtZtBQ1nyj616bT4w9nxo7l PkQ32SeI5mJdv138lGA+B7J4wnfXkE NZ/9c7n2XduH+mdWEIVn1QnuI4oiP9u Cgxhyc6f7t0OGPZIaz+ENZv89wHibG dZiu4g3YhGmq/ECeq2Jv34YiRsNpF0 4nLO78g8X/+Lt7rL9Fmd32vZw8yfHF u7mUvInTjcXhYokVS3PD+dEReUsrcB WuwU0c6R6MwhOs4AUcfwe+wjf4rpSV SNlWXrZVT/RIm8sQe5RXfwHxT+A1</ latexit><latexit sha1_ba se64="Bt3mgA8kqHXKxiYHdJwy2lNe 2yk=">AAAIzniclZVLb9NAEICnLQ9T Hm3hgsQlIg0gJKJNAYEqQK3og0qVmi Z9SU2pbGeTWPUL27UoUcUV8Qc4cAIp B8S1/4ALf4BDucIFcSwSFw7MTrZNbc ct2Eq8O9/M7Ozs7K7mmoYfMLbb09t3 4uSp08qZ/rPnzl8YGBy6uOQ7m57OF3 XHdLwVTfW5adh8MTACk6+4HlctzeTL 2sZjwZdD7vmGYy8EWy5fs9S6bdQMXQ 1Q5AxehwpowKEOBtjQBBVMbNWxfRO2 oR/ZOozAUyQt8MCCDPgkr6CNDdW4xf pgluUZPZlkoyAbWZBP0Rnq20FfVXBA h030L7wG2DbRr4/vKhSAgYuyNRrLw5 ZBnMs4NlGLo4aK0g38r2NvVUpt7Auf PlnrOIqJPw8tM5BjX9gHtsc+s4/sB/ uT6qtJPkQsW/jV2rbcXR94fbn8+1grC 78BNDpWR8YcQA3uU6xiNVySiFnobfv wxZu98mgp17zG3rOfGP87tss+4Qzs8 Jfemuelt0fEsx+Jh7QmV1G8uUPrn0G tLfyvoqRGrCXbLbRuUhWI/JskzaBsm /x0tMa7aI0ntFTSEZXjYkRqjGpERVR BgunEdLKNkioR0TO72E0QnUihAfF43 FH9qAUnbZFlnywczF5UI5Q6IVXtUZq Tcuz2rDLYj482icxCnUncjZ2dKGRxz amYr6mERp14nerTSmRimuh0Cm0QbVA lRYkp82Em1sWUq22STw3lca+zxGdT+ QZxUckuVXWUWkQtrPqo3Ca5nZA7JHf oXKgnvM0RnUuhrpyLe3ASJevQlRoNp FFSJFLsQjy5qg2MK0pKsfUsJdbTJ+7 TGZxcsTLRcgoNZM03uu61hdjYC4mxA 5kP8Y3nOZSZaNd/Jx85iO6RLJ7w7RX UcPbP5d53aBfun1lNGJZVL7SHKY7oaA 8OaszGme7fDh3+SGY4jT+U9fsM52Fg XIdpBW/AJsxQ5fvyXBV7+xbkMRpOu3 AmZnH7Hyz+x9+dY/0tyey27+X4SY4v 3s2F+E2cbCyN5AssX5i/mx0blbe0Al fgKtzAke7BGDzBCl7E8XfgK3yD70pR CZVt5WVbtbdH2lyCyKO8+gvyP+A4</ latexit><latexit sha1_ba se64="Bt3mgA8kqHXKxiYHdJwy2lNe 2yk=">AAAIzniclZVLb9NAEICnLQ9T Hm3hgsQlIg0gJKJNAYEqQK3og0qVmi Z9SU2pbGeTWPUL27UoUcUV8Qc4cAIp B8S1/4ALf4BDucIFcSwSFw7MTrZNbc ct2Eq8O9/M7Ozs7K7mmoYfMLbb09t3 4uSp08qZ/rPnzl8YGBy6uOQ7m57OF3 XHdLwVTfW5adh8MTACk6+4HlctzeTL 2sZjwZdD7vmGYy8EWy5fs9S6bdQMXQ 1Q5AxehwpowKEOBtjQBBVMbNWxfRO2 oR/ZOozAUyQt8MCCDPgkr6CNDdW4xf pgluUZPZlkoyAbWZBP0Rnq20FfVXBA h030L7wG2DbRr4/vKhSAgYuyNRrLw5 ZBnMs4NlGLo4aK0g38r2NvVUpt7Auf PlnrOIqJPw8tM5BjX9gHtsc+s4/sB/ uT6qtJPkQsW/jV2rbcXR94fbn8+1grC 78BNDpWR8YcQA3uU6xiNVySiFnobfv wxZu98mgp17zG3rOfGP87tss+4Qzs8 Jfemuelt0fEsx+Jh7QmV1G8uUPrn0G tLfyvoqRGrCXbLbRuUhWI/JskzaBsm /x0tMa7aI0ntFTSEZXjYkRqjGpERVR BgunEdLKNkioR0TO72E0QnUihAfF43 FH9qAUnbZFlnywczF5UI5Q6IVXtUZq Tcuz2rDLYj482icxCnUncjZ2dKGRxz amYr6mERp14nerTSmRimuh0Cm0QbVA lRYkp82Em1sWUq22STw3lca+zxGdT+ QZxUckuVXWUWkQtrPqo3Ca5nZA7JHf oXKgnvM0RnUuhrpyLe3ASJevQlRoNp FFSJFLsQjy5qg2MK0pKsfUsJdbTJ+7 TGZxcsTLRcgoNZM03uu61hdjYC4mxA 5kP8Y3nOZSZaNd/Jx85iO6RLJ7w7RX UcPbP5d53aBfun1lNGJZVL7SHKY7oaA 8OaszGme7fDh3+SGY4jT+U9fsM52Fg XIdpBW/AJsxQ5fvyXBV7+xbkMRpOu3 AmZnH7Hyz+x9+dY/0tyey27+X4SY4v 3s2F+E2cbCyN5AssX5i/mx0blbe0Al fgKtzAke7BGDzBCl7E8XfgK3yD70pR CZVt5WVbtbdH2lyCyKO8+gvyP+A4</ latexit><latexit sha1_ba se64="AhaFxw/Xzqoy/UE60AuTtQpP DC4=">AAAIzniclZVLb9NAEICnlIcp j7ZwQeISkQYQEtGmIIEqQK3og0qVmi Z9SW2pbGfjWPUL27UoUcUV8Qc4cAIp B8S1/4ALf4BDucIFcSwSFw7MTrZNbc ct2Eq8O9/M7Ozs7K7mWWYQMrbbc6L3 5KnTZ5SzfefOX7jYPzB4aTFwN32dL+ iu5frLmhpwy3T4QmiGFl/2fK7amsWX tI3Hgi9F3A9M15kPtzy+ZquGY9ZNXQ 1R5A7cgFXQgIMBJjjQBBUsbBnYvgXb 0IdsHYbhKZIW+GBDDgKSr6KNA7Wkxf pAnhUZPbl0oyQbeZBP2R3s3UFfNXBB h030L7yG2LbQb4DvCpSAgYeyNRrLx5 ZJnMs4NlGLo4aK0g38N7C3IqUO9oXP gKx1HMXCn4+WOSiwL+wD22Of2Uf2g/ 3J9NUkHyKWLfxqbVvurfe/vlL9fayVj d8QGh2rI2MOoQ73KVaxGh5JxCz0tn3 04s1edaRSaF5n79lPjP8d22WfcAZO9 EtvzfHK2yPi2Y/ER1qXqyjewqH1z6H WFv7XUFIn1pLtFlo3qQpE/i2S5lC2T X46WmNdtMZSWirpiMrxMCI1QTWiIqo wxXRiOtnGSY2I6Fld7MaJjmfQkHgy7 rh+3IKTtshyQBYuZi+uEUmdiKr2KM0 JOXZ7VjnsJ0ebQGajzgTuxs5OFLKk5 mTC12RKwyBuUH3aqUxMEZ3KoA2iDaq kOLFkPqzUulhytS3yqaE86XWG+Ewm3 yAuKtmjqo5Tm6iNVR+XOyR3UnKX5C6 dC0bK2yzR2Qzqybl4BydRug49qdFAG idlIuUuxJer2sC44qSSWM9Kaj0D4gG dwekVqxKtZtBQ1nyj616bT4w9nxo7l PkQ32SeI5mJdv138lGA+B7J4wnfXkE NZ/9c7n2XduH+mdWEIVn1QnuI4oiP9u Cgxhyc6f7t0OGPZIaz+ENZv89wHibG dZiu4g3YhGmq/ECeq2Jv34YiRsNpF0 4nLO78g8X/+Lt7rL9Fmd32vZw8yfHF u7mUvInTjcXhYokVS3PD+dEReUsrcB WuwU0c6R6MwhOs4AUcfwe+wjf4rpSV SNlWXrZVT/RIm8sQe5RXfwHxT+A1</ latexit>
b1(r⇤)
<latexit sha1_ba se64="84JgT4OIfMbrdxF0ZwVPqDEU vvg=">AAAIpHiclZVLb9NAEMenlIcJ j7ZwQeISkaYqlYg2BQlUAWpFH1Sq1D Zp2kpNiWxn41j1C9uNKFG/QL8AB04g 5YC4cOACVy58AQ79CIhjkbhwYHayab CdtGAr8Xp+/9mdnZ1da55lBiFjhwNn Bs+eO39BuZi6dPnK1aHhkWvrgbvr67 yku5brb2pqwC3T4aXQDC2+6flctTWL b2g7TwTfaHA/MF1nLdzz+LatGo5ZM3 U1RFNleLSsccN0mqplGs7Efkqr5Mf9 ysTtVJk71Y61MpxhOUZXOtnIy0YG5L Xijgx+hDJUwQUddsEGDg6E2LZAhQDv LcgDAw9t29BEm48tkziHfUih7y6qOC pUtO7gv4FvW9Lq4LvoMyBvHUex8Oej Zxqy7Bt7x47YV/aefWe/+/bVpD5ELH v41Nq+3KsMHdwo/jrVy8ZnCPWu14kxh 1CDBxSribF7ZBGz0Nv+jZevjopThWx zjL1lPzD+N+yQfcEZOI2femuVF16fE E8nEh9pDX8ie+LO4pw4asSIaVTt4X8 VLTViLdluoXcT7xbl3yJrGm371E9XN dNDNZNQqaRRUeFhRGqMakRFVGGC6cR 08o2SKhHxZvXwmyU624eGxONxR/VRD 05qkeWAPFzMXlTRkJoGVe1Jyjk5dnt WaXyPjzaHzEbNHFRI6eNbmmxx5Xysr /mEwiBuUH3aiUwsEF3oQ+tE61RJUWL JfFiJdbHkalvUp4b2eK9LxJf68h3io pI9quootYnaWPVRu0N2J2F3ye7SuWA kelsmutyHenIu3vFJlKxDTyrqSKNkh chKD+LLVa1jXFFSiK1nIbGeAXFRW0a PFSsSLfahoaz5es+9thYbey0xdijzI Z7xPDdkJtr1381HFqJ7JIMnfHsFNZz 9C7n3XdqFnTOrCaOy6oV6lOKIjvbwuM YcnGnn69Dlj2WG+/FHsn6f4zxMjOtv WoZJpItU+YE8V8XevgM5jIbTLlyMed z9B4//6e/eqf2ty+yK70U1cZLjjd/m fPxLnGysT+byLJdfncxMT8mvtAI34R aM40j3YRqeYgWXcPwD+ACf4LMypiwp RaXUlp4ZkD7XIXIpz/4A2/Tchg==</ latexit><latexit sha1_ba se64="ShaC18g2S2jEWQm8tbNuZRcg RHA=">AAAIpHiclZVLb9NAEMenLY8Q Hm3hgsQlIk1VKhFtCghUAWpFH1Sq1D Rp2kpNiWxn41j1C9uNKFG/QL8AB04g 5YC4cOACVy58AQ79CIhjkbhwYHayab CdtGAr8Xp+/9mdnZ1dq65p+AFjhwOD Q2fOnjufuJC8eOnyleGR0avrvrPrab ykOabjbaqKz03D5qXACEy+6XpcsVST b6g7TwTfaHDPNxx7Ldhz+bal6LZRMz QlQFNlZKysct2wm4pp6PbkflKt5Ca8 yuStZJnb1Y61MpJmWUZXKt7IyUYa5J V3Roc+Qhmq4IAGu2ABBxsCbJuggI/3 FuSAgYu2bWiizcOWQZzDPiTRdxdVHB UKWnfwX8e3LWm18V306ZO3hqOY+PPQ MwUZ9o29Y0fsK3vPvrPffftqUh8ilj 18qm1f7laGD64Xf53qZeEzgHrX68SYA 6jBA4rVwNhdsohZaG3/xstXR8XpQqY 5zt6yHxj/G3bIvuAM7MZPrbXKC69Pi KcTiYe0hj+RPXFncE4cNWLEFKr28L+ Klhqxlmy30LuJd4vyb5I1hbZ96qerm u2hmo2pFNIoqHAxIiVCVaIiqiDGNGI a+YZJlYh4M3v4zRGd60MD4tG4w/qwB ye1yLJPHg5mL6xoSE2DqvYk5bwcuz2 rFL5HR5tHZqFmHiqk9PAtRbaociHS1 0JMoRPXqT6tWCYWiS72oXWidaqkMDF lPszYuphytU3qU0V7tNdl4st9+Q5xU ckuVXWYWkQtrPqw3Sa7HbM7ZHfoXNB jva0QXelDXTkX9/gkitehKxV1pGGSJ 5LvQTy5qnWMK0wKkfUsxNbTJy5qS++ xYkWixT40kDVf77nX1iJjr8XGDmQ+x DOa54bMRLv+u/nIQHiPpPGEb6+girN /Ife+Q7uwc2Y1YUxWvVCPURzh0R4e15 iNM+18Hbr8scxwP/5I1u9znIeBcf1N yzCFdIkq35fnqtjbtyGL0XDahUsRjz v/4PE//d09tb91mV3xvajGTnK88duc i36J4431qWyOZXOr99Iz0/IrnYAbcB MmcKT7MANPsYJLOP4BfIBP8DkxnlhO FBOltnRwQPpcg9CVePYH3OTciQ==</ latexit><latexit sha1_ba se64="ShaC18g2S2jEWQm8tbNuZRcg RHA=">AAAIpHiclZVLb9NAEMenLY8Q Hm3hgsQlIk1VKhFtCghUAWpFH1Sq1D Rp2kpNiWxn41j1C9uNKFG/QL8AB04g 5YC4cOACVy58AQ79CIhjkbhwYHayab CdtGAr8Xp+/9mdnZ1dq65p+AFjhwOD Q2fOnjufuJC8eOnyleGR0avrvrPrab ykOabjbaqKz03D5qXACEy+6XpcsVST b6g7TwTfaHDPNxx7Ldhz+bal6LZRMz QlQFNlZKysct2wm4pp6PbkflKt5Ca8 yuStZJnb1Y61MpJmWUZXKt7IyUYa5J V3Roc+Qhmq4IAGu2ABBxsCbJuggI/3 FuSAgYu2bWiizcOWQZzDPiTRdxdVHB UKWnfwX8e3LWm18V306ZO3hqOY+PPQ MwUZ9o29Y0fsK3vPvrPffftqUh8ilj 18qm1f7laGD64Xf53qZeEzgHrX68SYA 6jBA4rVwNhdsohZaG3/xstXR8XpQqY 5zt6yHxj/G3bIvuAM7MZPrbXKC69Pi KcTiYe0hj+RPXFncE4cNWLEFKr28L+ Klhqxlmy30LuJd4vyb5I1hbZ96qerm u2hmo2pFNIoqHAxIiVCVaIiqiDGNGI a+YZJlYh4M3v4zRGd60MD4tG4w/qwB ye1yLJPHg5mL6xoSE2DqvYk5bwcuz2 rFL5HR5tHZqFmHiqk9PAtRbaociHS1 0JMoRPXqT6tWCYWiS72oXWidaqkMDF lPszYuphytU3qU0V7tNdl4st9+Q5xU ckuVXWYWkQtrPqw3Sa7HbM7ZHfoXNB jva0QXelDXTkX9/gkitehKxV1pGGSJ 5LvQTy5qnWMK0wKkfUsxNbTJy5qS++ xYkWixT40kDVf77nX1iJjr8XGDmQ+x DOa54bMRLv+u/nIQHiPpPGEb6+girN /Ife+Q7uwc2Y1YUxWvVCPURzh0R4e15 iNM+18Hbr8scxwP/5I1u9znIeBcf1N yzCFdIkq35fnqtjbtyGL0XDahUsRjz v/4PE//d09tb91mV3xvajGTnK88duc i36J4431qWyOZXOr99Iz0/IrnYAbcB MmcKT7MANPsYJLOP4BfIBP8DkxnlhO FBOltnRwQPpcg9CVePYH3OTciQ==</ latexit><latexit sha1_ba se64="84JgT4OIfMbrdxF0ZwVPqDEU vvg=">AAAIpHiclZVLb9NAEMenlIcJ j7ZwQeISkaYqlYg2BQlUAWpFH1Sq1D Zp2kpNiWxn41j1C9uNKFG/QL8AB04g 5YC4cOACVy58AQ79CIhjkbhwYHayab CdtGAr8Xp+/9mdnZ1da55lBiFjhwNn Bs+eO39BuZi6dPnK1aHhkWvrgbvr67 yku5brb2pqwC3T4aXQDC2+6flctTWL b2g7TwTfaHA/MF1nLdzz+LatGo5ZM3 U1RFNleLSsccN0mqplGs7Efkqr5Mf9 ysTtVJk71Y61MpxhOUZXOtnIy0YG5L Xijgx+hDJUwQUddsEGDg6E2LZAhQDv LcgDAw9t29BEm48tkziHfUih7y6qOC pUtO7gv4FvW9Lq4LvoMyBvHUex8Oej Zxqy7Bt7x47YV/aefWe/+/bVpD5ELH v41Nq+3KsMHdwo/jrVy8ZnCPWu14kxh 1CDBxSribF7ZBGz0Nv+jZevjopThWx zjL1lPzD+N+yQfcEZOI2femuVF16fE E8nEh9pDX8ie+LO4pw4asSIaVTt4X8 VLTViLdluoXcT7xbl3yJrGm371E9XN dNDNZNQqaRRUeFhRGqMakRFVGGC6cR 08o2SKhHxZvXwmyU624eGxONxR/VRD 05qkeWAPFzMXlTRkJoGVe1Jyjk5dnt WaXyPjzaHzEbNHFRI6eNbmmxx5Xysr /mEwiBuUH3aiUwsEF3oQ+tE61RJUWL JfFiJdbHkalvUp4b2eK9LxJf68h3io pI9quootYnaWPVRu0N2J2F3ye7SuWA kelsmutyHenIu3vFJlKxDTyrqSKNkh chKD+LLVa1jXFFSiK1nIbGeAXFRW0a PFSsSLfahoaz5es+9thYbey0xdijzI Z7xPDdkJtr1381HFqJ7JIMnfHsFNZz 9C7n3XdqFnTOrCaOy6oV6lOKIjvbwuM YcnGnn69Dlj2WG+/FHsn6f4zxMjOtv WoZJpItU+YE8V8XevgM5jIbTLlyMed z9B4//6e/eqf2ty+yK70U1cZLjjd/m fPxLnGysT+byLJdfncxMT8mvtAI34R aM40j3YRqeYgWXcPwD+ACf4LMypiwp RaXUlp4ZkD7XIXIpz/4A2/Tchg==</ latexit>
r
<latexit sha1_base64="Qxcc5iKv9g8+exfK8o+17fgQaek=">AAAInXiclVVLb9NAEJ62PEJ4tIULEkJEpEEIiWhTkEAVoFY0LZUq2iZ9SU0V2c7GseoXt htRop648Qc4cAIph4ob8A+48Ac49CcgjkXiwoHZyaap7bgFr2zvzvfNY2dnd1XXNPyAsf2BwaFTp8+cTZ1Ln79w8dLwyOjlVd/Z9jS+ojmm462ris9Nw+YrgRGYfN31uGKpJl9Tt54KfK3JPd9w7OVgx+WblqLbRt3QlABF1ZHrFZXrht1STEO37+ymvXSF27XusDqSZXlGTybeKchOFuSz6IwOfYEK1MABDbbBAg42BNg3Q QEf2wYUgIGLsk1ooczDnkE4h11Io+42sjgyFJRu4VfH0YaU2jgWNn3S1tCLia+HmhnIse9sjx2wb+wj+8H+JNpqkQ0Ryw7+1Y4ud6vDb66Wf5+oZeE/gEZP69iYA6jDQ4rVwNhdkohZaB395qu3B+WJUq51i31gPzH+92yffcUZ2M1fWnuJl94dE083Eg/ROr4ie6LlcE4cOcJjBlk7+K2hpE5YW/bbqN3C1qb8myTNoGyX7P RYU31YUzGWQhwFGS5GpERQlVARVRDDNMI00g0jNULEyOyjN03odAIaEB6NO8wPa3Biiyz7pOFg9sKMpuQ0qWqPYxal786sMjiOeisiZiGnCFViejjKkCzKnInYmokxdMJ1qk8rlolZQmcT0AahDaqkMGLKfJixdTHlaptkU0V51Oo84fOJ+BbhopJdquowahFqYdWH5TbJ7ZjcIblD54Ies7ZA6EIC6sq5uIcnUbwOXcloIB pGFglZ7IN4clUbGFcYKUXWsxRbT59wUVt6nxUrE1pOQANZ842+e2054ns55juQ+RD/aJ6bMhOd+u/lIwfhPZLFE76zgirO/qXc+w7twu6Z1YIxWfWCPUZxhL09OqwxG2favR16+BOZ4ST8sazfFzgPA+M6ilZgHNE5qnxfnqtib9+FPEbDaRfORTTu/YPG/9i7f6K9VZldcV/UYic5NrybC9GbON5ZHc8XWL6wNJ6dnJC3dAq uwU24jZ4ewCQ8wwpeQf+vYQ8+wefUjVQxNZ963qEODkidKxB6Umt/AdBZ2nQ=</latexit><latexit sha1_base64="BxLtJ6qDQtCC7UmonDHYBvsXLb8=">AAAInXiclVVLb9NAEJ62PEJ4tIULEkJEpEEIiWhTQKAKUCualkoVbZO+pKaKbGfjWPUL2 40oUU/c+AMcOIGUQ8UN+Adc+AMc+hMQxyJx4cDsZNNgO27BK9u7833z2NnZXdU1DT9gbH9gcOjEyVOnU2fSZ8+dvzA8Mnpx1Xe2PY2vaI7peOuq4nPTsPlKYAQmX3c9rliqydfUrScCX2tyzzcceznYcfmmpei2UTc0JUBRdeRqReW6YbcU09DtW7tpL13hdq07rI5kWZ7Rk4l3CrKTBfksOqNDn6ECNXBAg22wgIMNAfZNU MDHtgEFYOCibBNaKPOwZxDOYRfSqLuNLI4MBaVb+NVxtCGlNo6FTZ+0NfRi4uuhZgZy7BvbYwfsK/vAvrPfibZaZEPEsoN/taPL3erw68vlX8dqWfgPoNHTOjLmAOrwgGI1MHaXJGIWWke/+fLNQXmilGvdYO/ZD4z/HdtnX3AGdvOn1l7ipbdHxNONxEO0jq/Inmg5nBNHjvCYQdYOfmsoqRPWlv02arewtSn/JkkzKNslOz 3WVB/WVIylEEdBhosRKRFUJVREFcQwjTCNdMNIjRAxMvvoTRM6nYAGhEfjDvPDGpzYIss+aTiYvTCjKTlNqtqjmEXpuzOrDI6j3oqIWcgpQpWYHo4yJIsyZyK2ZmIMnXCd6tOKZWKW0NkEtEFogyopjJgyH2ZsXUy52ibZVFEetTpP+HwivkW4qGSXqjqMWoRaWPVhuU1yOyZ3SO7QuaDHrC0QupCAunIu7uFJFK9DVzIaiI aRRUIW+yCeXNUGxhVGSpH1LMXW0ydc1JbeZ8XKhJYT0EDWfKPvXluO+F6O+Q5kPsQ/muemzESn/nv5yEF4j2TxhO+soIqzfyH3vkO7sHtmtWBMVr1gj1EcYW8PD2vMxpl2b4ce/lhmOAl/JOv3Oc7DwLj+RiswjugcVb4vz1Wxt29DHqPhtAvnIhp3/kHjf+zdPdbeqsyuuC9qsZMcG97NhehNHO+sjucLLF9YupednJC3dAq uwHW4iZ7uwyQ8xQpeQf+vYA8+wqfUtVQxNZ961qEODkidSxB6Umt/ANFJ2nc=</latexit><latexit sha1_base64="BxLtJ6qDQtCC7UmonDHYBvsXLb8=">AAAInXiclVVLb9NAEJ62PEJ4tIULEkJEpEEIiWhTQKAKUCualkoVbZO+pKaKbGfjWPUL2 40oUU/c+AMcOIGUQ8UN+Adc+AMc+hMQxyJx4cDsZNNgO27BK9u7833z2NnZXdU1DT9gbH9gcOjEyVOnU2fSZ8+dvzA8Mnpx1Xe2PY2vaI7peOuq4nPTsPlKYAQmX3c9rliqydfUrScCX2tyzzcceznYcfmmpei2UTc0JUBRdeRqReW6YbcU09DtW7tpL13hdq07rI5kWZ7Rk4l3CrKTBfksOqNDn6ECNXBAg22wgIMNAfZNU MDHtgEFYOCibBNaKPOwZxDOYRfSqLuNLI4MBaVb+NVxtCGlNo6FTZ+0NfRi4uuhZgZy7BvbYwfsK/vAvrPfibZaZEPEsoN/taPL3erw68vlX8dqWfgPoNHTOjLmAOrwgGI1MHaXJGIWWke/+fLNQXmilGvdYO/ZD4z/HdtnX3AGdvOn1l7ipbdHxNONxEO0jq/Inmg5nBNHjvCYQdYOfmsoqRPWlv02arewtSn/JkkzKNslOz 3WVB/WVIylEEdBhosRKRFUJVREFcQwjTCNdMNIjRAxMvvoTRM6nYAGhEfjDvPDGpzYIss+aTiYvTCjKTlNqtqjmEXpuzOrDI6j3oqIWcgpQpWYHo4yJIsyZyK2ZmIMnXCd6tOKZWKW0NkEtEFogyopjJgyH2ZsXUy52ibZVFEetTpP+HwivkW4qGSXqjqMWoRaWPVhuU1yOyZ3SO7QuaDHrC0QupCAunIu7uFJFK9DVzIaiI aRRUIW+yCeXNUGxhVGSpH1LMXW0ydc1JbeZ8XKhJYT0EDWfKPvXluO+F6O+Q5kPsQ/muemzESn/nv5yEF4j2TxhO+soIqzfyH3vkO7sHtmtWBMVr1gj1EcYW8PD2vMxpl2b4ce/lhmOAl/JOv3Oc7DwLj+RiswjugcVb4vz1Wxt29DHqPhtAvnIhp3/kHjf+zdPdbeqsyuuC9qsZMcG97NhehNHO+sjucLLF9YupednJC3dAq uwHW4iZ7uwyQ8xQpeQf+vYA8+wqfUtVQxNZ961qEODkidSxB6Umt/ANFJ2nc=</latexit><latexit sha1_base64="Qxcc5iKv9g8+exfK8o+17fgQaek=">AAAInXiclVVLb9NAEJ62PEJ4tIULEkJEpEEIiWhTkEAVoFY0LZUq2iZ9SU0V2c7GseoXt htRop648Qc4cAIph4ob8A+48Ac49CcgjkXiwoHZyaap7bgFr2zvzvfNY2dnd1XXNPyAsf2BwaFTp8+cTZ1Ln79w8dLwyOjlVd/Z9jS+ojmm462ris9Nw+YrgRGYfN31uGKpJl9Tt54KfK3JPd9w7OVgx+WblqLbRt3QlABF1ZHrFZXrht1STEO37+ymvXSF27XusDqSZXlGTybeKchOFuSz6IwOfYEK1MABDbbBAg42BNg3Q QEf2wYUgIGLsk1ooczDnkE4h11Io+42sjgyFJRu4VfH0YaU2jgWNn3S1tCLia+HmhnIse9sjx2wb+wj+8H+JNpqkQ0Ryw7+1Y4ud6vDb66Wf5+oZeE/gEZP69iYA6jDQ4rVwNhdkohZaB395qu3B+WJUq51i31gPzH+92yffcUZ2M1fWnuJl94dE083Eg/ROr4ie6LlcE4cOcJjBlk7+K2hpE5YW/bbqN3C1qb8myTNoGyX7P RYU31YUzGWQhwFGS5GpERQlVARVRDDNMI00g0jNULEyOyjN03odAIaEB6NO8wPa3Biiyz7pOFg9sKMpuQ0qWqPYxal786sMjiOeisiZiGnCFViejjKkCzKnInYmokxdMJ1qk8rlolZQmcT0AahDaqkMGLKfJixdTHlaptkU0V51Oo84fOJ+BbhopJdquowahFqYdWH5TbJ7ZjcIblD54Ies7ZA6EIC6sq5uIcnUbwOXcloIB pGFglZ7IN4clUbGFcYKUXWsxRbT59wUVt6nxUrE1pOQANZ842+e2054ns55juQ+RD/aJ6bMhOd+u/lIwfhPZLFE76zgirO/qXc+w7twu6Z1YIxWfWCPUZxhL09OqwxG2favR16+BOZ4ST8sazfFzgPA+M6ilZgHNE5qnxfnqtib9+FPEbDaRfORTTu/YPG/9i7f6K9VZldcV/UYic5NrybC9GbON5ZHc8XWL6wNJ6dnJC3dAq uwU24jZ4ewCQ8wwpeQf+vYQ8+wefUjVQxNZ963qEODkidKxB6Umt/AdBZ2nQ=</latexit>
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(a) : r1 < rH < r⇤
<latexit sha1_base64="rgV9sZXiL hj41tXy7TUmOoApAA4=">AAAIt3iclVVLb9NAEJ62PEJ4tIULEpeINKhUIto UpEJVUCv6lCq1TfqSmiqynY1j1a/abkSJ8gf4AxwQB5ByQFz5B71wgCOH/gT EsUhcODA72TTYTlrwyvbufN88dnZ2V3VNww8YO+7rH7hw8dLlxJXk1WvXbww ODd/c9J0DT+MbmmM63raq+Nw0bL4RGIHJt12PK5Zq8i1177nAt2rc8w3HXg8 OXb5rKbptVAxNCVBUGpooqlw37LpiGro91kjWi56VGlXuNya9Um7KK9F4sYG 9sWSR2+U2sTSUZllGTyreyclOGuSz6gwPfIIilMEBDQ7AAg42BNg3QQEf2w7 kgIGLsl2oo8zDnkE4hwYkUfcAWRwZCkr38KvjaEdKbRwLmz5pa+jFxNdDzRR k2Df2gZ2wz+wj+85+97RVJxsilkP8qy1d7pYGX90u/DpXy8J/ANWO1pkxB1CB xxSrgbG7JBGz0Fr6tZevTwqT+Uz9HnvPfmD879gxO8IZ2LWfWnON59+cEU87 Eg/RCr4ie6JlcE4cOcJjClmH+C2jpEJYU/abqF3H1qT8myRNoaxBdjqsmS6s mRhLIY6CDBcjUiKoSqiIKohhGmEa6YaRMiFiZHbRmyV0tgcaEB6NO8wPa3Bi iyz7pOFg9sKMmuTUqGrPYs5J361ZpXAc9TaHmIWcOSgR08NRimRR5nzE1nyM oROuU31asUwsELrQA60SWqVKCiOmzIcZWxdTrrZJNlWUR60uE77cE98jXFSy S1UdRi1CLaz6sNwmuR2TOyR36FzQY9ZWCF3pgbpyLu7pSRSvQ1cyqoiGkVVC VrsgnlzVKsYVRvKR9czH1tMnXNSW3mXFCoQWeqCBrPlq1722HvG9HvMdyHyI fzTPNZmJVv138pGB8B5J4wnfWkEVZ/9C7n2HdmH7zKrDiKx6wR6hOMLepk5rz MaZtm+HDv5MZrgX/lTW7z7Ow8C4/kaLMI7oElW+L89VsbcfQBaj4bQLlyIaD /9B43/sPTrX3qbMrrgvyrGTHBvezbnoTRzvbI5ncyybWxtPT0/KWzoBd+Auj KKnCZiGRazgDfT/Fo7gC3xNPEmUEpVEtUXt75M6tyD0JPb/AB8a5CY=</lat exit><latexit sha1_base64="sFhIVdvGN z7T4CoJFwBjm1zRp4I=">AAAIt3iclVVLb9NAEJ62PEJ4tIULEpeINKggEW0 KqFAV1Io+pUptk76kpopsZ+NY9au2G1Gi/AH+AAfEAaQcEFf+QS8c4MihPwF xLBIXDsxONg22kxa8sr073zePnZ3dVV3T8APGjvr6B86dv3AxcSl5+crVa4N Dw9c3fGff0/i65piOt6UqPjcNm68HRmDyLdfjiqWafFPdfS7wzRr3fMOx14I Dl+9Yim4bFUNTAhSVhsaLKtcNu66Yhm7fayTrRc9KjSp3GxNeKTfplWi80MD evWSR2+U2sTSUZllGTyreyclOGuSz4gwPfIIilMEBDfbBAg42BNg3QQEf2zb kgIGLsh2oo8zDnkE4hwYkUXcfWRwZCkp38avjaFtKbRwLmz5pa+jFxNdDzRR k2Df2gR2zz+wj+85+97RVJxsilgP8qy1d7pYGX90s/DpTy8J/ANWO1qkxB1CB xxSrgbG7JBGz0Fr6tZevjwsT+Uz9DnvPfmD879gRO8QZ2LWfWnOV59+cEk87 Eg/RCr4ie6JlcE4cOcJjClkH+C2jpEJYU/abqF3H1qT8myRNoaxBdjqs6S6s 6RhLIY6CDBcjUiKoSqiIKohhGmEa6YaRMiFiZHbRmyF0pgcaEB6NO8wPa3Bi iyz7pOFg9sKMmuTUqGpPY85K361ZpXAc9TaLmIWcWSgR08NRimRR5lzE1lyM oROuU31asUzMEzrfA60SWqVKCiOmzIcZWxdTrrZJNlWUR60uEb7UE98lXFSy S1UdRi1CLaz6sNwmuR2TOyR36FzQY9aWCV3ugbpyLu7JSRSvQ1cyqoiGkRVC VrognlzVKsYVRvKR9czH1tMnXNSW3mXFCoQWeqCBrPlq1722FvG9FvMdyHyI fzTPNZmJVv138pGB8B5J4wnfWkEVZ/9C7n2HdmH7zKrDiKx6wR6hOMLeJk9qz MaZtm+HDv5MZrgX/lTW7x7Ow8C4/kaLMIboIlW+L89VsbfvQxaj4bQLFyMaD /5B43/sPTzT3obMrrgvyrGTHBvezbnoTRzvbIxlcyybW32UnpqQt3QCbsFtG EVP4zAFC1jB6+j/LRzCF/iaeJIoJSqJaova3yd1bkDoSez9ASAK5Ck=</lat exit><latexit sha1_base64="sFhIVdvGN z7T4CoJFwBjm1zRp4I=">AAAIt3iclVVLb9NAEJ62PEJ4tIULEpeINKggEW0 KqFAV1Io+pUptk76kpopsZ+NY9au2G1Gi/AH+AAfEAaQcEFf+QS8c4MihPwF xLBIXDsxONg22kxa8sr073zePnZ3dVV3T8APGjvr6B86dv3AxcSl5+crVa4N Dw9c3fGff0/i65piOt6UqPjcNm68HRmDyLdfjiqWafFPdfS7wzRr3fMOx14I Dl+9Yim4bFUNTAhSVhsaLKtcNu66Yhm7fayTrRc9KjSp3GxNeKTfplWi80MD evWSR2+U2sTSUZllGTyreyclOGuSz4gwPfIIilMEBDfbBAg42BNg3QQEf2zb kgIGLsh2oo8zDnkE4hwYkUXcfWRwZCkp38avjaFtKbRwLmz5pa+jFxNdDzRR k2Df2gR2zz+wj+85+97RVJxsilgP8qy1d7pYGX90s/DpTy8J/ANWO1qkxB1CB xxSrgbG7JBGz0Fr6tZevjwsT+Uz9DnvPfmD879gRO8QZ2LWfWnOV59+cEk87 Eg/RCr4ie6JlcE4cOcJjClkH+C2jpEJYU/abqF3H1qT8myRNoaxBdjqs6S6s 6RhLIY6CDBcjUiKoSqiIKohhGmEa6YaRMiFiZHbRmyF0pgcaEB6NO8wPa3Bi iyz7pOFg9sKMmuTUqGpPY85K361ZpXAc9TaLmIWcWSgR08NRimRR5lzE1lyM oROuU31asUzMEzrfA60SWqVKCiOmzIcZWxdTrrZJNlWUR60uEb7UE98lXFSy S1UdRi1CLaz6sNwmuR2TOyR36FzQY9aWCV3ugbpyLu7JSRSvQ1cyqoiGkRVC VrognlzVKsYVRvKR9czH1tMnXNSW3mXFCoQWeqCBrPlq1722FvG9FvMdyHyI fzTPNZmJVv138pGB8B5J4wnfWkEVZ/9C7n2HdmH7zKrDiKx6wR6hOMLeJk9qz MaZtm+HDv5MZrgX/lTW7x7Ow8C4/kaLMIboIlW+L89VsbfvQxaj4bQLFyMaD /5B43/sPTzT3obMrrgvyrGTHBvezbnoTRzvbIxlcyybW32UnpqQt3QCbsFtG EVP4zAFC1jB6+j/LRzCF/iaeJIoJSqJaova3yd1bkDoSez9ASAK5Ck=</lat exit><latexit sha1_base64="rgV9sZXiL hj41tXy7TUmOoApAA4=">AAAIt3iclVVLb9NAEJ62PEJ4tIULEpeINKhUIto UpEJVUCv6lCq1TfqSmiqynY1j1a/abkSJ8gf4AxwQB5ByQFz5B71wgCOH/gT EsUhcODA72TTYTlrwyvbufN88dnZ2V3VNww8YO+7rH7hw8dLlxJXk1WvXbww ODd/c9J0DT+MbmmM63raq+Nw0bL4RGIHJt12PK5Zq8i1177nAt2rc8w3HXg8 OXb5rKbptVAxNCVBUGpooqlw37LpiGro91kjWi56VGlXuNya9Um7KK9F4sYG 9sWSR2+U2sTSUZllGTyreyclOGuSz6gwPfIIilMEBDQ7AAg42BNg3QQEf2w7 kgIGLsl2oo8zDnkE4hwYkUfcAWRwZCkr38KvjaEdKbRwLmz5pa+jFxNdDzRR k2Df2gZ2wz+wj+85+97RVJxsilkP8qy1d7pYGX90u/DpXy8J/ANWO1pkxB1CB xxSrgbG7JBGz0Fr6tZevTwqT+Uz9HnvPfmD879gxO8IZ2LWfWnON59+cEU87 Eg/RCr4ie6JlcE4cOcJjClmH+C2jpEJYU/abqF3H1qT8myRNoaxBdjqsmS6s mRhLIY6CDBcjUiKoSqiIKohhGmEa6YaRMiFiZHbRmyV0tgcaEB6NO8wPa3Bi iyz7pOFg9sKMmuTUqGrPYs5J361ZpXAc9TaHmIWcOSgR08NRimRR5nzE1nyM oROuU31asUwsELrQA60SWqVKCiOmzIcZWxdTrrZJNlWUR60uE77cE98jXFSy S1UdRi1CLaz6sNwmuR2TOyR36FzQY9ZWCF3pgbpyLu7pSRSvQ1cyqoiGkVVC VrsgnlzVKsYVRvKR9czH1tMnXNSW3mXFCoQWeqCBrPlq1722HvG9HvMdyHyI fzTPNZmJVv138pGB8B5J4wnfWkEVZ/9C7n2HdmH7zKrDiKx6wR6hOMLepk5rz MaZtm+HDv5MZrgX/lTW7z7Ow8C4/kaLMI7oElW+L89VsbcfQBaj4bQLlyIaD /9B43/sPTrX3qbMrrgvyrGTHBvezbnoTRzvbI5ncyybWxtPT0/KWzoBd+Auj KKnCZiGRazgDfT/Fo7gC3xNPEmUEpVEtUXt75M6tyD0JPb/AB8a5CY=</lat exit>
(b) : rH  r1 < r⇤
<latexit sha1_base64="Z8TA3lkeLqt1+kznZ8jslijhADc=">AAAIu3icl ZVLb9NAEMenLY8QHm3hgsQlIg0qSESbggQqLWpFn1KltklfUlNFtrNxTP2q7USUKF+AL8CBU5FyQFz5BhzgCAcO/QiIY5G4cGB2smmxnbRgK/F6fv/ZnZ2dX auuafgBY4d9/QPnzl+4mLiUvHzl6rXBoeHrG75T8zS+rjmm422pis9Nw+brgRGYfMv1uGKpJt9Ud58Jvlnnnm849lqw7/IdS9Fto2JoSoCm0tCTosp1w24op qHb95rJRtGzUqPq3ea4V6L2QrNo8r2UV8pNeKV7ySK3yx1xaSjNsoyuVLyRk400yGvFGR74AEUogwMa1MACDjYE2DZBAR/vbcgBAxdtO9BAm4ctgziHJiTRt 4YqjgoFrbv4r+PbtrTa+C769Mlbw1FM/HnomYIM+8besSP2mb1n39nvnn01qA8Ryz4+1bYvd0uDr24Wfp3pZeEzgOqJ16kxB1CBxxSrgbG7ZBGz0Nr+9Zevjw rj+UzjDnvLfmD8B+yQfcQZ2PWfWmuV59+cEk8nEg9pBX8ie+LO4Jw4asSIKVTt438ZLRViLdluoXcD7xbl3yRrCm1N6udENd1FNR1TKaRRUOFiREqEqkRFVE GMacQ08g2TMhHxZnbxmyE604MGxKNxh/VhD05qkWWfPBzMXlhRl5o6Ve1pylk5dntWKXyPjjaLzELNLJRI6eFbimxR5Vykr7mYQieuU31asUzME53vQatEq1 RJYWLKfJixdTHlapvUp4r2aK9LxJd68l3iopJdquowtYhaWPVhu012O2Z3yO7QuaDHelsmutyDunIu7vFJFK9DVyqqSMNkhchKF+LJVa1iXGGSj6xnPraePn FRW3qXFSsQLfSggaz5ate9thYZey02diDzIZ7RPNdlJtr1f5KPDIT3SBpP+PYKqjj7F3LvO7QLO2dWA0Zk1Qv1CMURHm3iuMZsnGnn63DCn8oM9+KTsn73cB4 GxvU3LcIY0kWqfF+eq2Jv34csRsNpFy5GPB78g8f/9PfwzP42ZHbF96IcO8nxxm9zLvoljjc2xrI5ls2tjqWnxuVXOgG34DaM4kiPYAoWsILXcfwD+ARf4Gt iMqElnifMtrS/T/rcgNCVqP0BZk7l0Q==</latexit><latexit sha1_base64="QPIUqy9EfBa7576LTaro43FQr6c=">AAAIu3icl ZVLb9NAEMenLY8QHm3hgsTFIg0qlYg2BQQqLWpFn1KltklfUlNFtrNxTP2q7USUKF+AL8CBU5FyQFz5BhzgCAcO/QiIY5G4cGA82TTYTlqwlXg9v//szs7Or hXH0D2fsaO+/oFz5y9cTFxKXr5y9drg0PD1Tc+uuirfUG3DdrcV2eOGbvENX/cNvu24XDYVg28pe88CvlXjrqfb1rp/4PBdU9Ysvayrso+m4tCTgsI13arLh q5ZY41kveCa0qhytzHhFqm92CgYfF9yi9lJtziWLHCr1BYXh1Isw+iS4o2saKRAXKv28MAHKEAJbFChCiZwsMDHtgEyeHjvQBYYOGjbhTraXGzpxDk0IIm+V VRxVMho3cN/Dd92hNXC96BPj7xVHMXAn4ueEqTZN/aOHbPP7D37zn737KtOfQSxHOBTaflypzj46mb+15leJj59qHS8To3ZhzI8plh1jN0hSzALteVfe/n6OD +RS9fvsLfsB8Z/yI7YR5yBVfupNtd47s0p8bQjcZGW8RdkL7jTOCeOmmBECVUH+F9CS5lYU7Sb6F3Hu0n5N8gqoa1B/XRUM11UMzGVTBoZFQ5GJEeoQjSIyo 8xlZhKvmFSIhK8GV38ZonO9qA+8WjcYX3Yg5M6yLJHHjZmL6yoCU2NqvY05ZwYuzUrCd+jo80hM1EzB0VSuvgmkS2qnI/0NR9TaMQ1qk8zlokFogs9aIVohS opTAyRDyO2LoZYbYP6VNAe7XWZ+HJPvkc8qGSHqjpMTaImVn3YbpHditltstt0Lmix3laIrvSgjpiLc3ISxevQEYoK0jBZJbLahbhiVSsYV5jkIuuZi62nRz yoLa3LiuWJ5ntQX9R8peteW4+MvR4b2xf5CJ7RPNdEJlr138lHGsJ7JIUnfGsFFZz9C7H3bdqF7TOrDiOi6gP1CMURHm3ypMYsnGn769DhT0WGe/EpUb/7OA8 d4/qbFmAc6RJVvifO1WBv34MMRsNpFy5FPO7/g8f/9PfgzP42RXaD70UpdpLjjd/mbPRLHG9sjmeyLJNde5ianhBf6QTcgtswiiM9gmlYxArewPEP4RN8ga+ JqYSaeJ4wWtL+PuFzA0JXovoHZz7l1A==</latexit><latexit sha1_base64="QPIUqy9EfBa7576LTaro43FQr6c=">AAAIu3icl ZVLb9NAEMenLY8QHm3hgsTFIg0qlYg2BQQqLWpFn1KltklfUlNFtrNxTP2q7USUKF+AL8CBU5FyQFz5BhzgCAcO/QiIY5G4cGA82TTYTlqwlXg9v//szs7Or hXH0D2fsaO+/oFz5y9cTFxKXr5y9drg0PD1Tc+uuirfUG3DdrcV2eOGbvENX/cNvu24XDYVg28pe88CvlXjrqfb1rp/4PBdU9Ysvayrso+m4tCTgsI13arLh q5ZY41kveCa0qhytzHhFqm92CgYfF9yi9lJtziWLHCr1BYXh1Isw+iS4o2saKRAXKv28MAHKEAJbFChCiZwsMDHtgEyeHjvQBYYOGjbhTraXGzpxDk0IIm+V VRxVMho3cN/Dd92hNXC96BPj7xVHMXAn4ueEqTZN/aOHbPP7D37zn737KtOfQSxHOBTaflypzj46mb+15leJj59qHS8To3ZhzI8plh1jN0hSzALteVfe/n6OD +RS9fvsLfsB8Z/yI7YR5yBVfupNtd47s0p8bQjcZGW8RdkL7jTOCeOmmBECVUH+F9CS5lYU7Sb6F3Hu0n5N8gqoa1B/XRUM11UMzGVTBoZFQ5GJEeoQjSIyo 8xlZhKvmFSIhK8GV38ZonO9qA+8WjcYX3Yg5M6yLJHHjZmL6yoCU2NqvY05ZwYuzUrCd+jo80hM1EzB0VSuvgmkS2qnI/0NR9TaMQ1qk8zlokFogs9aIVohS opTAyRDyO2LoZYbYP6VNAe7XWZ+HJPvkc8qGSHqjpMTaImVn3YbpHditltstt0Lmix3laIrvSgjpiLc3ISxevQEYoK0jBZJbLahbhiVSsYV5jkIuuZi62nRz yoLa3LiuWJ5ntQX9R8peteW4+MvR4b2xf5CJ7RPNdEJlr138lHGsJ7JIUnfGsFFZz9C7H3bdqF7TOrDiOi6gP1CMURHm3ypMYsnGn769DhT0WGe/EpUb/7OA8 d4/qbFmAc6RJVvifO1WBv34MMRsNpFy5FPO7/g8f/9PfgzP42RXaD70UpdpLjjd/mbPRLHG9sjmeyLJNde5ianhBf6QTcgtswiiM9gmlYxArewPEP4RN8ga+ JqYSaeJ4wWtL+PuFzA0JXovoHZz7l1A==</latexit><latexit sha1_base64="Z8TA3lkeLqt1+kznZ8jslijhADc=">AAAIu3icl ZVLb9NAEMenLY8QHm3hgsQlIg0qSESbggQqLWpFn1KltklfUlNFtrNxTP2q7USUKF+AL8CBU5FyQFz5BhzgCAcO/QiIY5G4cGB2smmxnbRgK/F6fv/ZnZ2dX auuafgBY4d9/QPnzl+4mLiUvHzl6rXBoeHrG75T8zS+rjmm422pis9Nw+brgRGYfMv1uGKpJt9Ud58Jvlnnnm849lqw7/IdS9Fto2JoSoCm0tCTosp1w24op qHb95rJRtGzUqPq3ea4V6L2QrNo8r2UV8pNeKV7ySK3yx1xaSjNsoyuVLyRk400yGvFGR74AEUogwMa1MACDjYE2DZBAR/vbcgBAxdtO9BAm4ctgziHJiTRt 4YqjgoFrbv4r+PbtrTa+C769Mlbw1FM/HnomYIM+8besSP2mb1n39nvnn01qA8Ryz4+1bYvd0uDr24Wfp3pZeEzgOqJ16kxB1CBxxSrgbG7ZBGz0Nr+9Zevjw rj+UzjDnvLfmD8B+yQfcQZ2PWfWmuV59+cEk8nEg9pBX8ie+LO4Jw4asSIKVTt438ZLRViLdluoXcD7xbl3yRrCm1N6udENd1FNR1TKaRRUOFiREqEqkRFVE GMacQ08g2TMhHxZnbxmyE604MGxKNxh/VhD05qkWWfPBzMXlhRl5o6Ve1pylk5dntWKXyPjjaLzELNLJRI6eFbimxR5Vykr7mYQieuU31asUzME53vQatEq1 RJYWLKfJixdTHlapvUp4r2aK9LxJd68l3iopJdquowtYhaWPVhu012O2Z3yO7QuaDHelsmutyDunIu7vFJFK9DVyqqSMNkhchKF+LJVa1iXGGSj6xnPraePn FRW3qXFSsQLfSggaz5ate9thYZey02diDzIZ7RPNdlJtr1f5KPDIT3SBpP+PYKqjj7F3LvO7QLO2dWA0Zk1Qv1CMURHm3iuMZsnGnn63DCn8oM9+KTsn73cB4 GxvU3LcIY0kWqfF+eq2Jv34csRsNpFy5GPB78g8f/9PfwzP42ZHbF96IcO8nxxm9zLvoljjc2xrI5ls2tjqWnxuVXOgG34DaM4kiPYAoWsILXcfwD+ARf4Gt iMqElnifMtrS/T/rcgNCVqP0BZk7l0Q==</latexit>
(c) : rH < r⇤  r1
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FIG. 2: Schematic pictures of bi(r) in Cases (a)–(c). Upper and lower black solid lines denote b1(r) and b2(r), respectively.
The range of b in which a photon can escape from r = r∗ to infinity depends on two conditions. One is whether a photon is
emitted initially radially outward (σr = +) or inward (σr = −), and the other is the relative position of r1 to rH and r∗. If
photons are emitted radially outward, the maximum and minimum values of b are given by the red dotted lines. If photons are
emitted radially inward, the maximum and minimum values of b are given by the green dashed lines. We note that b2(r) in the
range r < 1 +
√
1− e2 is not plotted.
The extremum values of bi become
bsi ≡ bi(ri)|q=f(ri) =
2(1− a2 − e2)
a(ri − 1) −
(ri − 1)2
a
+
3− a2 − 2e2
a
, (29)
which are values of the impact parameter of photons on spherical photon orbits.
Let us consider the behavior of bi(r) to determine the range of b in which a photon can escape from r = r∗ to
infinity. From now on, we consider the case where r∗ is in the range rH < r∗ ≤ r0. We define three cases according
to the relative position of r1 to rH and r∗:
Case (a): r1 < rH < r∗,
Case (b): rH ≤ r1 < r∗,
Case (c): rH < r∗ ≤ r1,
(30a)
(30b)
(30c)
where Case (a) appears only for Class I.
For Case (a), as r increases from rH to ∞, b1 begins with b1(rH), where
b1(rH) =

a+
1
a
(a2 + e2 = 1),
2
(
1 +
√
1− a2 − e2)− e2
a
(a2 + e2 < 1),
(31a)
(31b)
and monotonically increases to ∞. For Cases (b) and (c), as r increases from rH to ∞, b1 begins with b1(rH),
monotonically decreases to a local minimum bs1 at r = r1, and monotonically increases to ∞. For all cases, as r
6e(1)
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FIG. 3: Emission angles (α, β) defined in the LNRF where the origin coincides with the emission point (r, θ)=(r∗, pi/2). Here
k is the projection of kµ normal to e(0). In this figure, upward and downward directions represent northward and southward
directions of the Kerr–Newman black hole, respectively.
increases from rH to 1 +
√
1− e2, b2 begins with b2(rH) = b1(rH) and monotonically increases to ∞. As r increases
from 1+
√
1− e2 to∞, b2 begins with−∞, monotonically increases to a local maximum bs2 at r = r2, and monotonically
decreases to −∞. Figure 2 shows the schematic pictures of bi(r).
Then, the range of b in which a photon can escape to infinity is given as follows. In Case (a), which appears only
for Class I, if photons are emitted radially inward (i.e., σr = −), then only those with b1(rH) < b < b1(r∗) can escape
to infinity [see the band between the green dashed lines in Fig. 2(a)]. If photons are emitted radially outward (i.e.,
σr = +), then only those with b
s
2 < b ≤ b1(r∗) can escape to infinity [see the band between the red dotted lines in
Fig. 2(a)]. In Case (b), which appears for both classes, if photons are emitted radially inward, then only those with
bs1 < b < b1(r∗) can escape to infinity [see the band between the green dashed lines in Fig. 2(b)]. If photons are
emitted radially outward, then only those with bs2 < b ≤ b1(r∗) can escape to infinity [see the band between the red
dotted lines in Fig. 2(b)]. In Case (c), which appears for both classes, if photons are emitted radially inward, then
nothing can escape to infinity. If photons are emitted radially outward, then only those with bs2 < b < b
s
1 can escape
to infinity [see the band between the red dotted lines in Fig. 2(c)]. They are summarized in Table I.
IV. ESCAPE CONE AND CRITICAL ANGLES
We introduce the photon emission angles (α, β) from a light source at rest with respect to the LNRF
k(a)
∣∣∣r=r∗
θ=pi/2
∝ (1, cosα sinβ, − cosβ, sinα sinβ) (−pi ≤ α < pi and 0 ≤ β ≤ pi), (32)
or equivalently,
sinα ≡ k
(3)√(
k(1)
)2
+
(
k(3)
)2
∣∣∣∣∣∣
r=r∗
θ=pi/2
=
br2
√
∆√
ARˆ+ b2r4∆
∣∣∣∣∣
r=r∗
, (33)
cosα ≡ k
(1)√(
k(1)
)2
+
(
k(3)
)2
∣∣∣∣∣∣
r=r∗
θ=pi/2
=
σr
√
ARˆ√
ARˆ+ b2r4∆
∣∣∣∣∣
r=r∗
, (34)
sinβ ≡
√(
k(1)
)2
+
(
k(3)
)2√(
k(1)
)2
+
(
k(2)
)2
+
(
k(3)
)2
∣∣∣∣∣∣
r=r∗
θ=pi/2
=
√
ARˆ+ b2r4∆
a(b− a)∆ + (r2 + a2)(r2 − ab+ a2)
∣∣∣∣∣
r=r∗
, (35)
cosβ ≡ −k
(2)√(
k(1)
)2
+
(
k(2)
)2
+
(
k(3)
)2
∣∣∣∣∣∣
r=r∗
θ=pi/2
= − σθ
√
q∆A
a(b− a)∆ + (r2 + a2)(r2 − ab+ a2)
∣∣∣∣
r=r∗
, (36)
7where Rˆ = R/E2. Thus α is the angle between e(1) and k projected onto the equatorial plane, which is positive in the
direction e(3), and β is the angle between −e(2) and k, where k is the projection of kµ normal to e(0). We illustrate
the relation between the LNRF and (α, β) in Fig. 3. The definition of α, β means that the angles are functions of σr,
σθ, b, q, and r∗ as
α(σr, b, q, r∗), β(σθ, b, q, r∗). (37)
The range of α is restricted depending on the sign of b and σr as follows. If photons are emitted radially inward (i.e.,
σr = −), we have
−pi ≤ α ≤ −pi
2
for b ≤ 0, (38)
pi
2
≤ α < pi for b > 0, (39)
where α = −pi holds for b = 0. If photons are emitted radially outward (i.e., σr = +), we have
−pi
2
≤ α ≤ 0 for b ≤ 0, (40)
0 ≤ α ≤ pi
2
for b ≥ 0, (41)
where α = 0 holds for b = 0. The range of β depends on σθ as
0 ≤ β ≤ pi
2
for σθ = −, (42)
pi
2
≤ β ≤ pi for σθ = +. (43)
Note that when q = 0, k is confined in the equatorial plane (i.e., β = pi/2).
In terms of α and β, we define an escape cone S to be the solid angle of emission that allows photons to escape to
infinity. Assuming that photons are emitted isotropically, we can define the escape probability P (r∗) by
P (r∗) ≡ 1
4pi
∫
S
dα dβ sinβ. (44)
Since the Kerr–Newman spacetime is symmetric to the equatorial plane, the escape probability of isotropic emission
to the northern hemisphere is the same with that to the southern hemisphere. Therefore we only need to consider the
emission to the northern hemisphere (i.e., σθ = −). To evaluate P , we determine the critical angles, which are points
on the boundary of S. There is a one-to-one correspondence between the critical angles and the parameter set (σr, b,
q) of photons that cannot marginally escape to infinity.
Let us specify such parameter sets for each case. In Case (a), if photons with b = b1(rH) are emitted radially inward
(i.e., σr = −), then they arbitrarily approach the horizon but cannot escape to infinity [see Fig. 2(a)]. If photons with
b = bs2 are emitted radially outward (i.e., σr = +), then they arbitrarily approach r = r2 but cannot escape to infinity.
In Case (b), if photons with b = bs1 are emitted radially inward, then they arbitrarily approach r = r1 [see Fig. 2(b)].
If photons with b = bs2 are emitted radially outward, then they arbitrarily approach r = r2. In Case (c), if photons
with b = bsi are emitted radially outward, then they arbitrarily approach r = ri but cannot escape to infinity [see
Fig. 2(c)].
We find that all the parameter pairs appear as the boundary of the ranges for photons that can escape to infinity [see
Table I]. Therefore, we call them the marginal pairs. They are summarized in the last column of Table I. Finally we
obtain the critical angles (αi, βi) (i = 1, 2) relevant to marginal parameter values associated with bi and their total
set ∂S (i.e., the boundary of S) as follows:
∂S =
⋃
i=1,2
{(
αi, βi
)∣∣∣ 0 ≤ q ≤ f0} , (45)
where
(
α1, β1
) ≡

(
α1(a), β1(a)
) ≡ (α, β)∣∣σr=−
b=b1(rH)
for 0 ≤ q < f(rH) [Case (a)],
(
α1(b), β1(b)
) ≡ (α, β)∣∣σr=−
b=bs1
for f(rH) ≤ q < f(r∗) [Case (b)],
(
α1(c), β1(c)
) ≡ (α, β)∣∣σr=+
b=bs1
for f(r∗) ≤ q ≤ f0 [Case (c)],
(46a)
(46b)
(46c)
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 
↵1(q), 1(q)
 
<latexit sha1_base64="xjPYAvlUvFO9fnUSmbxo7GSsgnM=">AAAItXiclZVLb9NAEMenlEc Ij7ZwQeISkQa1CKJ1eLRFgFrog0qV+khfUlNFtrNxrDq2a7sRJeoX4Atw6AmkHBBXvgDiguDMoR8BcSwSFw7MTjYNtpMWbCVez+8/u7Ozs2vNtUw/YOyg51Tv6TNnzyXOJy9cvHS5r3/gyqrv7Hg6 X9Edy/HWNdXnlmnzlcAMLL7uelytahZf07aeCb5W455vOvZysOvyzapq2GbZ1NUATcX++wWNG6ZdVy3TsG/tJQuaaQwV1KIytD18u6DRU9iGkwVul1qyYn+aZRljiqKkREMZecCwMTY2mlNGU4pAe KVBXgvOQO8HKEAJHNBhB6rAwYYA2xao4OO9AQowcNG2CXW0edgyiXPYgyT67qCKo0JF6xb+G/i2Ia02vos+ffLWcRQLfx56piDDvrF37JB9Zu/Zd/a7a1916kPEsotPrenL3WLfq2v5Xyd6VfEZQKX tdWzMAZRhlGI1MXaXLGIWetO/9vL1Yf7hUqZ+k71lPzD+N+yAfcIZ2LWfemORL+0fE08rEg9pGX8ie+LO4Jw4asSIKVTt4n8JLWViDdluoHcd7wbl3yJrCm171E9bNdFBNRFTqaRRUeFiRGqEakRF VEGM6cR08g2TEhHxZnXwmyQ62YUGxKNxh/VhD05qkWWfPBzMXlhRk5oaVe1xyik5dnNWKXyPjjaFrIqaKSiS0sO3FNmiyulIX9MxhUHcoPqsxjIxQ3SmC60QrVAlhYkl82HF1sWSq21Rnxrao73OE Z/ryreIi0p2qarDtEq0ilUftttkt2N2h+wOnQtGrLd5ovNdqCvn4h6dRPE6dKWigjRMFogsdCCeXNUKxhUmS5H1XIqtp09c1JbRYcXyRPNdaCBrvtJxry1Hxl6OjR3IfIhnNM81mYlm/bfzkYHwHk njCd9cQQ1n/0LufYd2YevMqsOgrHqhHqQ4wqM9OqoxG2fa+jq0+ROZ4W78sazfbZyHiXH9TQuQQzpLle/Lc1Xs7TuQxWg47cLZiMfdf/D4n/7undjfqsyu+F6UYic53vhtbn2AU90bq7mswrLKYi4 9/lR+pRNwHW7AEI40AuPwHCt4Bcffh4/wBb4mRhKbiVKi3JSe6pE+VyF0JZw/3S/i6A==</latexit><latexit sha1_base64="7cUe24hK1bqroSfl26BToPORnR0=">AAAItXiclZVLb9NAEMenLY8 QHm3hgsQlIg1qEUTrQmmLALXQB5Uq9ZG+pKaKbGfjWHVs13YjStQvwBfg0BNIOSCufAHEBcGZQz8C4lgkLhyYnWwabCct2Eq8nt9/dmdnZ9eaa5l+wNhhV3fPmbPnzicuJC9eunylt6//6prv7Ho6 X9Udy/E2NNXnlmnz1cAMLL7helytaBZf17afCb5e5Z5vOvZKsOfyrYpq2GbJ1NUATYW+kbzGDdOuqZZp2Lf3k3nNNAbzakEZ3Bm6k9foKWxDyTy3i01ZoS/NsowxRVFSoqGMPmDYGB8fG1bGUopAe KVBXotOf88HyEMRHNBhFyrAwYYA2xao4OO9CQowcNG2BTW0edgyiXPYhyT67qKKo0JF6zb+G/i2Ka02vos+ffLWcRQLfx56piDDvrF37Ih9Zu/Zd/a7Y1816kPEsodPreHL3ULvq+u5X6d6VfAZQLn ldWLMAZRgjGI1MXaXLGIWesO/+vL1Ue7hcqZ2i71lPzD+N+yQfcIZ2NWfen2JLx+cEE8zEg9pCX8ie+LO4Jw4asSIKVTt4X8RLSViddmuo3cN7zrl3yJrCm371E9LNdlGNRlTqaRRUeFiRGqEakRF VEGM6cR08g2TIhHxZrXxmyI61YEGxKNxh/VhD05qkWWfPBzMXlhRlZoqVe1Jymk5dmNWKXyPjjaNrIKaaSiQ0sO3FNmiyplIXzMxhUHcoPqsxDIxS3S2Ay0TLVMlhYkl82HF1sWSq21Rnxrao73OE 5/vyLeJi0p2qarDtEK0glUftttkt2N2h+wOnQtGrLcFogsdqCvn4h6fRPE6dKWijDRMFokstiGeXNUyxhUmy5H1XI6tp09c1JbRZsVyRHMdaCBrvtx2r61Exl6JjR3IfIhnNM9VmYlG/bfykYHwHk njCd9YQQ1n/0LufYd2YfPMqsGArHqhHqA4wqM9Oq4xG2fa/Dq0+BOZ4U78sazfHZyHiXH9TfMwjHSOKt+X56rY23chi9Fw2oVzEY97/+DxP/3dP7W/NZld8b0oxk5yvPHb3PwApzo31oazCssqSyP piafyK52AG3ATBnGkUZiA51jBqzj+AXyEL/A1MZrYShQTpYa0u0v6XIPQlXD+AN4f4us=</latexit><latexit sha1_base64="7cUe24hK1bqroSfl26BToPORnR0=">AAAItXiclZVLb9NAEMenLY8 QHm3hgsQlIg1qEUTrQmmLALXQB5Uq9ZG+pKaKbGfjWHVs13YjStQvwBfg0BNIOSCufAHEBcGZQz8C4lgkLhyYnWwabCct2Eq8nt9/dmdnZ9eaa5l+wNhhV3fPmbPnzicuJC9eunylt6//6prv7Ho6 X9Udy/E2NNXnlmnz1cAMLL7helytaBZf17afCb5e5Z5vOvZKsOfyrYpq2GbJ1NUATYW+kbzGDdOuqZZp2Lf3k3nNNAbzakEZ3Bm6k9foKWxDyTy3i01ZoS/NsowxRVFSoqGMPmDYGB8fG1bGUopAe KVBXotOf88HyEMRHNBhFyrAwYYA2xao4OO9CQowcNG2BTW0edgyiXPYhyT67qKKo0JF6zb+G/i2Ka02vos+ffLWcRQLfx56piDDvrF37Ih9Zu/Zd/a7Y1816kPEsodPreHL3ULvq+u5X6d6VfAZQLn ldWLMAZRgjGI1MXaXLGIWesO/+vL1Ue7hcqZ2i71lPzD+N+yQfcIZ2NWfen2JLx+cEE8zEg9pCX8ie+LO4Jw4asSIKVTt4X8RLSViddmuo3cN7zrl3yJrCm371E9LNdlGNRlTqaRRUeFiRGqEakRF VEGM6cR08g2TIhHxZrXxmyI61YEGxKNxh/VhD05qkWWfPBzMXlhRlZoqVe1Jymk5dmNWKXyPjjaNrIKaaSiQ0sO3FNmiyplIXzMxhUHcoPqsxDIxS3S2Ay0TLVMlhYkl82HF1sWSq21Rnxrao73OE 5/vyLeJi0p2qarDtEK0glUftttkt2N2h+wOnQtGrLcFogsdqCvn4h6fRPE6dKWijDRMFokstiGeXNUyxhUmy5H1XI6tp09c1JbRZsVyRHMdaCBrvtx2r61Exl6JjR3IfIhnNM9VmYlG/bfykYHwHk njCd9YQQ1n/0LufYd2YfPMqsGArHqhHqA4wqM9Oq4xG2fa/Dq0+BOZ4U78sazfHZyHiXH9TfMwjHSOKt+X56rY23chi9Fw2oVzEY97/+DxP/3dP7W/NZld8b0oxk5yvPHb3PwApzo31oazCssqSyP piafyK52AG3ATBnGkUZiA51jBqzj+AXyEL/A1MZrYShQTpYa0u0v6XIPQlXD+AN4f4us=</latexit><latexit sha1_base64="xjPYAvlUvFO9fnUSmbxo7GSsgnM=">AAAItXiclZVLb9NAEMenlEc Ij7ZwQeISkQa1CKJ1eLRFgFrog0qV+khfUlNFtrNxrDq2a7sRJeoX4Atw6AmkHBBXvgDiguDMoR8BcSwSFw7MTjYNtpMWbCVez+8/u7Ozs2vNtUw/YOyg51Tv6TNnzyXOJy9cvHS5r3/gyqrv7Hg6 X9Edy/HWNdXnlmnzlcAMLL7uelytahZf07aeCb5W455vOvZysOvyzapq2GbZ1NUATcX++wWNG6ZdVy3TsG/tJQuaaQwV1KIytD18u6DRU9iGkwVul1qyYn+aZRljiqKkREMZecCwMTY2mlNGU4pAe KVBXgvOQO8HKEAJHNBhB6rAwYYA2xao4OO9AQowcNG2CXW0edgyiXPYgyT67qCKo0JF6xb+G/i2Ia02vos+ffLWcRQLfx56piDDvrF37JB9Zu/Zd/a7a1916kPEsotPrenL3WLfq2v5Xyd6VfEZQKX tdWzMAZRhlGI1MXaXLGIWetO/9vL1Yf7hUqZ+k71lPzD+N+yAfcIZ2LWfemORL+0fE08rEg9pGX8ie+LO4Jw4asSIKVTt4n8JLWViDdluoHcd7wbl3yJrCm171E9bNdFBNRFTqaRRUeFiRGqEakRF VEGM6cR08g2TEhHxZnXwmyQ62YUGxKNxh/VhD05qkWWfPBzMXlhRk5oaVe1xyik5dnNWKXyPjjaFrIqaKSiS0sO3FNmiyulIX9MxhUHcoPqsxjIxQ3SmC60QrVAlhYkl82HF1sWSq21Rnxrao73OE Z/ryreIi0p2qarDtEq0ilUftttkt2N2h+wOnQtGrLd5ovNdqCvn4h6dRPE6dKWigjRMFogsdCCeXNUKxhUmS5H1XIqtp09c1JbRYcXyRPNdaCBrvtJxry1Hxl6OjR3IfIhnNM81mYlm/bfzkYHwHk njCd9cQQ1n/0LufYd2YevMqsOgrHqhHqQ4wqM9OqoxG2fa+jq0+ROZ4W78sazfbZyHiXH9TQuQQzpLle/Lc1Xs7TuQxWg47cLZiMfdf/D4n/7undjfqsyu+F6UYic53vhtbn2AU90bq7mswrLKYi4 9/lR+pRNwHW7AEI40AuPwHCt4Bcffh4/wBb4mRhKbiVKi3JSe6pE+VyF0JZw/3S/i6A==</latexit>
 
↵2(q), 2(q)
 
<latexit sha1_base64="FO+lREjEgWpogLN3 3nI+jyLAFrM=">AAAItXiclZVLb9NAEMenlEcIj7ZwQeISkRa1CKJNGpqCALXQB5Uq9ZG+pKaK bGfjWHVs13YjStQvwBfg0BNIOSCufAHEBcGZQz8C4lgkLhyYnWwabCct2Epsz+8/u7Ozs7uqYxq ez9hhz5nes+fOX4hdjF+6fOVqX//AtTXP3nU1vqrZpu1uqIrHTcPiq77hm3zDcblSVU2+rm4/E3 y9xl3PsK0Vf8/hW1VFt4yyoSk+mor99wsq1w2rrpiGbt3ZjxdUQx8uKMXM8M7I3YJKT2EbiRe4 VWrJiv1JlnowPpbJjiVYirFcOpMWL5lcdjSbSKNFXEmQ16I90PsBClACGzTYhSpwsMDHdxMU8PD ehDQwcNC2BXW0ufhmEOewD3H03UUVR4WC1m381/FrU1ot/BZteuStYS8m/lz0TMAQ+8besSP2m b1n39nvrm3VqQ0Ryx4+1aYvd4p9r27kf53qVcWnD5W214kx+1CGcYrVwNgdsohRaE3/2svXR/mH y0P12+wt+4Hxv2GH7BOOwKr91BpLfPnghHhakbhIy/gT2RP3EI6Jo0b0mEDVHv6X0FIm1pDvDf Su492g/JtkTaBtn9ppqyY7qCYjKoU0CiocjEgJUZWoiMqPMI2YRr5BUiIivswOflNEp7pQn3g47 qA+6MFJLbLskYeN2QsqalJTo6o9STkt+26OKoHf4d6mkVVRMw1FUrr4lSBbWDkTamsmotCJ61Sf 1UgmZonOdqEVohWqpCAxZT7MyLyYcrZNalNFe7jVeeLzXfk2cVHJDlV1kFaJVrHqg3aL7FbEbp Pdpn1Bj7S2QHShC3XkWJzjnShah45UVJAGySKRxQ7ElbNawbiCZDk0n8uR+fSIi9rSO8xYnmi+C /VlzVc6rrWVUN8rkb59mQ/xDOe5JjPRrP92PoYguEaSuMM3Z1DF0b+Qa9+mVdjas+owKKteqAc pjmBvj45rzMKRtk6HNn8iM9yNP5b1u4PjMDCuv2kBMkjnqPI9ua+KtX0PUhgNp1U4F/IY/QeP/2 kve2p7azK74rwoRXZyvPFsbh3Aie4va5lUmqXSS5nkxFN5SsfgJtyCYewpBxPwHCt4Ffs/gI/w Bb7GcrGtWClWbkrP9Eif6xC4YvYfT9Pi9g==</latexit><latexit sha1_base64="69Zmt2D2Ex9W/lWq FKarMRg11PQ=">AAAItXiclZVLb9NAEMenLY8QHm3hgsQlIi1qEUSbNG0KAtRCH1Sq1Ef6kpoq sp2NY9WxXduNKFG/AF+AQ08g5YC48gUQFwRnDv0IiGORuHBgdrJpsZ20YCuxPb//7M7Ozu6qjml 4PmOHXd09585fuBi7FL985eq13r7+62uevetqfFWzTdvdUBWPm4bFV33DN/mG43Klqpp8Xd1+Jv h6jbueYVsr/p7Dt6qKbhllQ1N8NBX7Rgsq1w2rrpiGbt3djxdUQx8qKMXM0M7wvYJKT2Ebjhe4 VWrJin1JlnowPpbJjiVYirFcOpMWL5lcdiSbSKNFXEmQ16Ld3/MBClACGzTYhSpwsMDHdxMU8PD ehDQwcNC2BXW0ufhmEOewD3H03UUVR4WC1m381/FrU1ot/BZteuStYS8m/lz0TMAg+8besSP2m b1n39nvjm3VqQ0Ryx4+1aYvd4q9r27mf53pVcWnD5UTr1Nj9qEM4xSrgbE7ZBGj0Jr+tZevj/IP lwfrd9hb9gPjf8MO2SccgVX7qTWW+PLBKfG0InGRlvEnsifuQRwTR43oMYGqPfwvoaVMrCHfG+ hdx7tB+TfJmkDbPrVzoppso5qMqBTSKKhwMCIlRFWiIio/wjRiGvkGSYmI+DLb+E0RnepAfeLhu IP6oAcntciyRx42Zi+oqElNjar2NOW07Ls5qgR+h3ubRlZFzTQUSeniV4JsYeVMqK2ZiEInrlN9 ViOZmCU624FWiFaokoLElPkwI/Niytk2qU0V7eFW54nPd+TbxEUlO1TVQVolWsWqD9otslsRu0 12m/YFPdLaAtGFDtSRY3GOd6JoHTpSUUEaJItEFtsQV85qBeMKkuXQfC5H5tMjLmpLbzNjeaL5D tSXNV9pu9ZWQn2vRPr2ZT7EM5znmsxEs/5P8jEIwTWSxB2+OYMqjv6FXPs2rcLWnlWHAVn1Qj1 AcQR7e3RcYxaOtHU6nPAnMsOd+GNZvzs4DgPj+psWIIN0jirfk/uqWNv3IYXRcFqFcyGPkX/w+J /2sme2tyazK86LUmQnxxvP5tYBnOj8spZJpVkqvTSanHgqT+kY3ILbMIQ95WACnmMFr2L/B/AR vsDXWC62FSvFyk1pd5f0uQGBK2b/AVDD4vk=</latexit><latexit sha1_base64="69Zmt2D2Ex9W/lWq FKarMRg11PQ=">AAAItXiclZVLb9NAEMenLY8QHm3hgsQlIi1qEUSbNG0KAtRCH1Sq1Ef6kpoq sp2NY9WxXduNKFG/AF+AQ08g5YC48gUQFwRnDv0IiGORuHBgdrJpsZ20YCuxPb//7M7Ozu6qjml 4PmOHXd09585fuBi7FL985eq13r7+62uevetqfFWzTdvdUBWPm4bFV33DN/mG43Klqpp8Xd1+Jv h6jbueYVsr/p7Dt6qKbhllQ1N8NBX7Rgsq1w2rrpiGbt3djxdUQx8qKMXM0M7wvYJKT2Ebjhe4 VWrJin1JlnowPpbJjiVYirFcOpMWL5lcdiSbSKNFXEmQ16Ld3/MBClACGzTYhSpwsMDHdxMU8PD ehDQwcNC2BXW0ufhmEOewD3H03UUVR4WC1m381/FrU1ot/BZteuStYS8m/lz0TMAg+8besSP2m b1n39nvjm3VqQ0Ryx4+1aYvd4q9r27mf53pVcWnD5UTr1Nj9qEM4xSrgbE7ZBGj0Jr+tZevj/IP lwfrd9hb9gPjf8MO2SccgVX7qTWW+PLBKfG0InGRlvEnsifuQRwTR43oMYGqPfwvoaVMrCHfG+ hdx7tB+TfJmkDbPrVzoppso5qMqBTSKKhwMCIlRFWiIio/wjRiGvkGSYmI+DLb+E0RnepAfeLhu IP6oAcntciyRx42Zi+oqElNjar2NOW07Ls5qgR+h3ubRlZFzTQUSeniV4JsYeVMqK2ZiEInrlN9 ViOZmCU624FWiFaokoLElPkwI/Niytk2qU0V7eFW54nPd+TbxEUlO1TVQVolWsWqD9otslsRu0 12m/YFPdLaAtGFDtSRY3GOd6JoHTpSUUEaJItEFtsQV85qBeMKkuXQfC5H5tMjLmpLbzNjeaL5D tSXNV9pu9ZWQn2vRPr2ZT7EM5znmsxEs/5P8jEIwTWSxB2+OYMqjv6FXPs2rcLWnlWHAVn1Qj1 AcQR7e3RcYxaOtHU6nPAnMsOd+GNZvzs4DgPj+psWIIN0jirfk/uqWNv3IYXRcFqFcyGPkX/w+J /2sme2tyazK86LUmQnxxvP5tYBnOj8spZJpVkqvTSanHgqT+kY3ILbMIQ95WACnmMFr2L/B/AR vsDXWC62FSvFyk1pd5f0uQGBK2b/AVDD4vk=</latexit><latexit sha1_base64="FO+lREjEgWpogLN3 3nI+jyLAFrM=">AAAItXiclZVLb9NAEMenlEcIj7ZwQeISkRa1CKJNGpqCALXQB5Uq9ZG+pKaK bGfjWHVs13YjStQvwBfg0BNIOSCufAHEBcGZQz8C4lgkLhyYnWwabCct2Epsz+8/u7Ozs7uqYxq ez9hhz5nes+fOX4hdjF+6fOVqX//AtTXP3nU1vqrZpu1uqIrHTcPiq77hm3zDcblSVU2+rm4/E3 y9xl3PsK0Vf8/hW1VFt4yyoSk+mor99wsq1w2rrpiGbt3ZjxdUQx8uKMXM8M7I3YJKT2EbiRe4 VWrJiv1JlnowPpbJjiVYirFcOpMWL5lcdjSbSKNFXEmQ16I90PsBClACGzTYhSpwsMDHdxMU8PD ehDQwcNC2BXW0ufhmEOewD3H03UUVR4WC1m381/FrU1ot/BZteuStYS8m/lz0TMAQ+8besSP2m b1n39nvrm3VqQ0Ryx4+1aYvd4p9r27kf53qVcWnD5W214kx+1CGcYrVwNgdsohRaE3/2svXR/mH y0P12+wt+4Hxv2GH7BOOwKr91BpLfPnghHhakbhIy/gT2RP3EI6Jo0b0mEDVHv6X0FIm1pDvDf Su492g/JtkTaBtn9ppqyY7qCYjKoU0CiocjEgJUZWoiMqPMI2YRr5BUiIivswOflNEp7pQn3g47 qA+6MFJLbLskYeN2QsqalJTo6o9STkt+26OKoHf4d6mkVVRMw1FUrr4lSBbWDkTamsmotCJ61Sf 1UgmZonOdqEVohWqpCAxZT7MyLyYcrZNalNFe7jVeeLzXfk2cVHJDlV1kFaJVrHqg3aL7FbEbp Pdpn1Bj7S2QHShC3XkWJzjnShah45UVJAGySKRxQ7ElbNawbiCZDk0n8uR+fSIi9rSO8xYnmi+C /VlzVc6rrWVUN8rkb59mQ/xDOe5JjPRrP92PoYguEaSuMM3Z1DF0b+Qa9+mVdjas+owKKteqAc pjmBvj45rzMKRtk6HNn8iM9yNP5b1u4PjMDCuv2kBMkjnqPI9ua+KtX0PUhgNp1U4F/IY/QeP/2 kve2p7azK74rwoRXZyvPFsbh3Aie4va5lUmqXSS5nkxFN5SsfgJtyCYewpBxPwHCt4Ffs/gI/w Bb7GcrGtWClWbkrP9Eif6xC4YvYfT9Pi9g==</latexit>
q = 0
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FIG. 4: Schematic picture of the critical angles with fixed r∗ for the northern hemisphere in α-β plane. The blue and red solid
lines show (α1(q), β1(q)) and (α2(q), β2(q)) for 0 ≤ q ≤ f0, respectively. We plot the critical angles as functions of q because
we have chosen σr, σθ, and b for the critical angles. The critical angle α1(q) (α2(q)) is monotonically decreasing (increasing)
with respect to q. We note that the critical angles in the southern hemisphere is symmetrical about the α-axis.
in Class I,
(
α1, β1
) ≡

(
α1(b), β1(b)
) ≡ (α, β)∣∣σr=−
b=bs1
for 0 ≤ q < f(r∗) [Case (b)],
(
α1(c), β1(c)
) ≡ (α, β)∣∣σr=+
b=bs1
for f(r∗) ≤ q ≤ f0 [Case (c)],
(47a)
(47b)
in Class II, and (
α2, β2
) ≡ (α, β)∣∣σr=+
b=bs2
for 0 ≤ q ≤ f0 [Cases (a)–(c)], (48)
in Classes I and II. Note that once we fix the value of r∗, then the critical angles (αi, βi) depend only on q, i.e.,
αi = αi(q) and βi = βi(q). Figure 4 shows a schematic picture of the critical angles.
V. ESCAPE PROBABILITY
In this section, we evaluate the escape probability P for a photon in Eq. (44). Let αmin and αmax be the minimum
and the maximum of the critical angle, and βmin(α) and βmax(α) be the minimum and the maximum of the critical
angle for a given α. Assuming that S is convex, we obtain
P =
1
4pi
∫ αmax
αmin
dα
∫ βmax(α)
βmin(α)
dβ sinβ =
1
2pi
∫ αmax
αmin
dα cosβmin(α), (49)
where we have used βmax = pi − βmin. Using the critical angles (αi, βi) and the relation between q and ri given in
Eq. (20) [see also Figs. 1 and 4], we change the integration variable α of Eq. (49) to ri as
P = P1 + P2, (50)
where
Pi =
(−1)i
2pi
∫ f0
0
dq
dαi
dq
cosβi =
(−1)i
2pi
∫ r0
rc,i
dri
dαi
dri
cosβi. (51)
In particular, using the definition of the critical angles in Eqs. (46)–(48), we can reduce P1 as
P1 =

− 1
2pi
∫ rH
rc,1
dr1
dα1(a)
dr1
cosβ1(a) − 1
2pi
∫ r∗
rH
dr1
dα1(b)
dr1
cosβ1(b) − 1
2pi
∫ r0
r∗
dr1
dα1(c)
dr1
cosβ1(c) (Class I),
− 1
2pi
∫ r∗
rc,1
dr1
dα1(b)
dr1
cosβ1(b) − 1
2pi
∫ r0
r∗
dr1
dα1(c)
dr1
cosβ1(c) (Class II),
(52a)
(52b)
9It is useful to note that some of the integrands in the above integrals have a common form
dα1(b)
dr1
cosβ1(b)
∣∣∣∣
r1=x
=
dα1(c)
dr1
cosβ1(c)
∣∣∣∣
r1=x
=
dα2
dr2
cosβ2
∣∣∣∣
r2=x
≡ g(x). (53)
Finally, from Eqs. (49)–(53), P is given by
P =

− 1
2pi
∫ rH
rc,1
dr1
dα1(a)
dr1
cosβ1(a) − 1
2pi
∫ rc,2
rH
dxg(x) (Class I),
− 1
2pi
∫ rc,2
rc,1
dxg(x) (Class II).
(54a)
(54b)
A. Extremal Kerr black hole
We evaluate the critical angles and escape probability in the extremal Kerr black hole. Since a = 1 and e = 0 (i.e.,
Class I), the function f(r) in Eq. (20) reduces to
f(r) = r3(4− r), (55)
which has the maximum value f0 = 27 at r0 = 3 and zeros at the radii of circular photon orbits
rc,1 = 0, rc,2 = 4. (56)
Furthermore, the values of b given in Eqs. (29) and (31a) are of the form
bsi = −r2i + 2ri + 1, (57)
b1(rH) = 2, (58)
where rH = 1.
Using these expressions, we can evaluate the critical angles (αi, βi). In Fig. 5, we find sets of critical angles ∂S for
several values of r∗. As r∗ decreases toward rH = 1, the size of the escape cone S decreases. However, we should
notice that S still has enough size, even if r∗ is close enough to the horizon [see r∗ = 1.001 case]. Now let us evaluate
the escape probability P in Eq. (54a) with the above expressions. In Fig. 6, the solid black line shows P as a function
of r∗. We find that P decreases as r∗ decreases toward rH but is nonzero in the horizon limit. Indeed, the value of P
in the horizon limit takes
lim
r∗→1
P = 0.2916 · · · . (59)
This result means that about 30 percent of photons isotropically emitted from a light source near the horizon of the
extremal Kerr black hole can escape to infinity.
Here let us confirm that the result of Ref. [10] can be reproduced. Assuming that photons are emitted isotropically
but confined in the equatorial plane, we can identify the escape cone with the segment α ∈ [α2, α1(a) ]|q=0 on the line
β = pi/2 in Fig. 5(i). Thus the escape probability in such a situation is given by
P =
(
α1(a) − α2
)∣∣
q=0
2pi
, (60)
and the horizon limit of this expression is 5/12. This is consistent with the result of Ref. [10].
B. Extremal Kerr–Newman black hole
We evaluate the critical angles and escape probability in the extremal Kerr–Newman black hole (i.e., a2 + e2 = 1).
Therefore, we replace e in all the above expressions with
√
1− a2. Then, f(r) reduces to
f(r) = − r
2
a2
(r − rc,1)(r − rc,2), (61)
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(i) a = 1
r⇤ = 1.7, 1.3, 1 + 10 3
<latexit sha1_ba se64="qz5VAFFwJ2N4YiWjgjrN9SdJD yo=">AAAI0HiclVVLTxNRFD6Ij1ofg G5M3DRCG0Rp7oAJhoiByEMSEqA8E4rN zPS2nTAvZoYGnBTjlj/gwpUmXRi3xj/ gxj/ggsStJsYlJm5ceOb08piZFnRuZ ube833ncc89917F1jXXY2y/7Vz7+QsX LyUuJ69cvXa9o7PrxrJrbTkqX1It3XJ WFdnlumbyJU/zdL5qO1w2FJ2vKBtPA nylyh1Xs8xFb8fm64ZcNrWSpsoeigqd c3mFlzXT55um7DjyTl8tmenNG7JXcQx fq93dlUekTD6fzDiFvhEpO3R/V8oO4 ueexJ75/YO1TDLPzeIJ9UJnN8syelLx jiQ63SCeOaur/QPkoQgWqLAFBnAwwcO +DjK42NZAAgY2ytbBR5mDPY1wDjVIo u4WsjgyZJRu4LeMozUhNXEc2HRJW0Uv Or4OaqYgzb6wd+yAfWbv2Q/2p6Utn2w EsezgX2nocrvQsXdr4feZWgb+Pagca5 0aswcleEixahi7TZJgFmpDv/r81cHC cC7tZ9hb9hPjf8P22SecgVn9pdbnee7 1KfEcRuIgWsI3yF7Q0jgnjpzAYwpZO/ gtoqREWF3066jtY6tT/nWSplBWIzvH rLEmrLEYSyaOjAwbI5IjqEJoEJUXw1T CVNINI0VCgpHeRG+c0PEWqEd4NO4wP6 zBiR1k2SUNC7MXZlQFp0pVexpzQvhu zCqF46i3CcQM5ExAgZgOjlIkizInI7Y mY4wy4WWqTyOWiSlCp1qgFUIrVElhRB f50GProovV1smmgvKo1RnCZ1riG4QH lWxTVYdRg1ADqz4sN0luxuQWyS06F8o xa7OEzrZAbTEX++gkitehLRgVRMPIHC FzTRBHrGoF4wojuch65mLr6RIe1Fa5y YotELrQAvVEzVea7rXFiO/FmG9P5CP 4R/NcFZlo1P9xPtIQ3iPdeMI3VlDB2W +LvW/RLjw8s3zoEVUfsHsojrC3R0c1Z uJMD2+HY/yxyHArfETU7ybOQ8O4TqJ 5GEB0mirfFedqsLf7IYvRcNqF0xGNwX /Q+B97D860tyyyG9wXxdhJjg3vZil6E 8c7ywNZiWWl+YHu0WFxSyfgNtyBXvQ 0BKPwFCt4Cf1/hK/wDb4ncontxIvEyw b1XJvQuQmhJ7H3F/N97BU=</latexit ><latexit sha1_ba se64="lnDxaB+qNEtkHJNTFzK9wKzHU 0E=">AAAI0HiclVVLTxNRFD6Aj1ofg G5M3DQWGkRp7oAGQ8RA5CEJCdDySig2 M9PbdsK8mBkasCnGLX/AhStNWBi3xj/ gxj/ggsStJsYlJm5ceOb0QpmZFnRuZ ube833ncc89917F1jXXY+ygrb3j3PkL F2OX4pevXL3W2dV9fdm1thyVL6mWbjm riuxyXTP5kqd5Ol+1HS4bis5XlI0nP r5S4Y6rWeait2PzdUMumVpRU2UPRfmu +ZzCS5pZ5Zum7DjyTn8tnurLGbJXdoy qVruzK49KqVwunnLy/aNSevjerpQew s9diT2rDgzVUvEcNwsn1PNdSZZm9CSi HUl0kiCeeau74wPkoAAWqLAFBnAwwcO +DjK42NZAAgY2ytahijIHexrhHGoQR 90tZHFkyCjdwG8JR2tCauLYt+mStope dHwd1ExAL/vC3rFD9pm9Zz/Yn5a2qmT Dj2UH/0pdl9v5zr2b2d9nahn496Dc0D o1Zg+K8JBi1TB2myT+LNS6fuX5q8Ps SKa3mmJv2U+M/w07YJ9wBmbll7q/wDO vT4nnKBIH0SK+fvb81otz4sjxPSaQtY PfAkqKhO2L/j5qV7HtU/51kiZQViM7 DdZ4E9Z4hCUTR0aGjRHJIVQh1I/Ki2A qYSrpBpECIf5Ib6I3QehEC9QjPBx3kB /U4MT2s+yShoXZCzIqglOhqj2NOSl8 12eVwHHY2yRiBnImIU9MB0cJkoWZUyF bUxFGifAS1acRycQ0odMt0DKhZaqkIK KLfOiRddHFautkU0F52Oos4bMt8Q3C /Uq2qaqDqEGogVUflJskNyNyi+QWnQu liLU5QudaoLaYi318EkXr0BaMMqJBZJ 6Q+SaII1a1jHEFkUxoPTOR9XQJ92ur1 GTFsoRmW6CeqPly0722GPK9GPHtiXz 4/3CeKyIT9fpv5KMXgnskiSd8fQUVnP 222PsW7cKjM6sKPaLqfXYPxRH09ui4x kyc6dHt0MAfiwy3wkdF/W7iPDSM6yS ag0FEZ6jyXXGu+nt7ANIYDaddOBPSGP oHjf+xd/9Me8siu/59UYic5NjwbpbCN 3G0szyYllhaWniQHBsRt3QMbsFt6EN PwzAGT7GCl9D/R/gK3+B7LBPbjr2Iva xT29uEzg0IPLG9v/Rt7Bg=</latexit ><latexit sha1_ba se64="lnDxaB+qNEtkHJNTFzK9wKzHU 0E=">AAAI0HiclVVLTxNRFD6Aj1ofg G5M3DQWGkRp7oAGQ8RA5CEJCdDySig2 M9PbdsK8mBkasCnGLX/AhStNWBi3xj/ gxj/ggsStJsYlJm5ceOb0QpmZFnRuZ ube833ncc89917F1jXXY+ygrb3j3PkL F2OX4pevXL3W2dV9fdm1thyVL6mWbjm riuxyXTP5kqd5Ol+1HS4bis5XlI0nP r5S4Y6rWeait2PzdUMumVpRU2UPRfmu +ZzCS5pZ5Zum7DjyTn8tnurLGbJXdoy qVruzK49KqVwunnLy/aNSevjerpQew s9diT2rDgzVUvEcNwsn1PNdSZZm9CSi HUl0kiCeeau74wPkoAAWqLAFBnAwwcO +DjK42NZAAgY2ytahijIHexrhHGoQR 90tZHFkyCjdwG8JR2tCauLYt+mStope dHwd1ExAL/vC3rFD9pm9Zz/Yn5a2qmT Dj2UH/0pdl9v5zr2b2d9nahn496Dc0D o1Zg+K8JBi1TB2myT+LNS6fuX5q8Ps SKa3mmJv2U+M/w07YJ9wBmbll7q/wDO vT4nnKBIH0SK+fvb81otz4sjxPSaQtY PfAkqKhO2L/j5qV7HtU/51kiZQViM7 DdZ4E9Z4hCUTR0aGjRHJIVQh1I/Ki2A qYSrpBpECIf5Ib6I3QehEC9QjPBx3kB /U4MT2s+yShoXZCzIqglOhqj2NOSl8 12eVwHHY2yRiBnImIU9MB0cJkoWZUyF bUxFGifAS1acRycQ0odMt0DKhZaqkIK KLfOiRddHFautkU0F52Oos4bMt8Q3C /Uq2qaqDqEGogVUflJskNyNyi+QWnQu liLU5QudaoLaYi318EkXr0BaMMqJBZJ 6Q+SaII1a1jHEFkUxoPTOR9XQJ92ur1 GTFsoRmW6CeqPly0722GPK9GPHtiXz 4/3CeKyIT9fpv5KMXgnskiSd8fQUVnP 222PsW7cKjM6sKPaLqfXYPxRH09ui4x kyc6dHt0MAfiwy3wkdF/W7iPDSM6yS ag0FEZ6jyXXGu+nt7ANIYDaddOBPSGP oHjf+xd/9Me8siu/59UYic5NjwbpbCN 3G0szyYllhaWniQHBsRt3QMbsFt6EN PwzAGT7GCl9D/R/gK3+B7LBPbjr2Iva xT29uEzg0IPLG9v/Rt7Bg=</latexit ><latexit sha1_ba se64="qz5VAFFwJ2N4YiWjgjrN9SdJD yo=">AAAI0HiclVVLTxNRFD6Ij1ofg G5M3DRCG0Rp7oAJhoiByEMSEqA8E4rN zPS2nTAvZoYGnBTjlj/gwpUmXRi3xj/ gxj/ggsStJsYlJm5ceOb08piZFnRuZ ube833ncc89917F1jXXY2y/7Vz7+QsX LyUuJ69cvXa9o7PrxrJrbTkqX1It3XJ WFdnlumbyJU/zdL5qO1w2FJ2vKBtPA nylyh1Xs8xFb8fm64ZcNrWSpsoeigqd c3mFlzXT55um7DjyTl8tmenNG7JXcQx fq93dlUekTD6fzDiFvhEpO3R/V8oO4 ueexJ75/YO1TDLPzeIJ9UJnN8syelLx jiQ63SCeOaur/QPkoQgWqLAFBnAwwcO +DjK42NZAAgY2ytbBR5mDPY1wDjVIo u4WsjgyZJRu4LeMozUhNXEc2HRJW0Uv Or4OaqYgzb6wd+yAfWbv2Q/2p6Utn2w EsezgX2nocrvQsXdr4feZWgb+Pagca5 0aswcleEixahi7TZJgFmpDv/r81cHC cC7tZ9hb9hPjf8P22SecgVn9pdbnee7 1KfEcRuIgWsI3yF7Q0jgnjpzAYwpZO/ gtoqREWF3066jtY6tT/nWSplBWIzvH rLEmrLEYSyaOjAwbI5IjqEJoEJUXw1T CVNINI0VCgpHeRG+c0PEWqEd4NO4wP6 zBiR1k2SUNC7MXZlQFp0pVexpzQvhu zCqF46i3CcQM5ExAgZgOjlIkizInI7Y mY4wy4WWqTyOWiSlCp1qgFUIrVElhRB f50GProovV1smmgvKo1RnCZ1riG4QH lWxTVYdRg1ADqz4sN0luxuQWyS06F8o xa7OEzrZAbTEX++gkitehLRgVRMPIHC FzTRBHrGoF4wojuch65mLr6RIe1Fa5y YotELrQAvVEzVea7rXFiO/FmG9P5CP 4R/NcFZlo1P9xPtIQ3iPdeMI3VlDB2W +LvW/RLjw8s3zoEVUfsHsojrC3R0c1Z uJMD2+HY/yxyHArfETU7ybOQ8O4TqJ 5GEB0mirfFedqsLf7IYvRcNqF0xGNwX /Q+B97D860tyyyG9wXxdhJjg3vZil6E 8c7ywNZiWWl+YHu0WFxSyfgNtyBXvQ 0BKPwFCt4Cf1/hK/wDb4ncontxIvEyw b1XJvQuQmhJ7H3F/N97BU=</latexit >
(ii) a = 0.7
r⇤ = 1.7, 1.3, 1 + 10 3
<latexit sha1_base64="k0sg5mngA fQ8pKttYd3MGQkZvqQ=">AAAI4niclVVJTxRBFH6AyzgugF5MvEyEmSDKpAY0G CIGIoskJOxLwuCku6dmukNvdDcTsTP8AG7Ggwe9aDIH49V/4IU/4IGfYEy8YI IHD75+UyzdPQPale6uet/3lnr1qkq2dc31GNtvaW27cPHS5cSV5NVr12+0d3T eXHatLUfhS4qlW86qLLlc10y+5Gmezldth0uGrPMVeeNZgK9UuONqlrnobdt83 ZDKplbSFMlDUaFDzsu8rJk+3zQlx5G2e6vJTE/ekDzVMXwtr7q2pHC/L8seca OqVe/tSMMsO5jJ55MZp9A7nMsOPtjJZQfwcz/HXvh9A9VMMs/N4imDhY4ulmX 0pOKdnOh0gXhmrc62L5CHIligwBYYwMEED/s6SOBiW4McMLBRtg4+yhzsaYRzq EISdbeQxZEhoXQDv2UcrQmpiePApkvaCnrR8XVQMwVp9o19Ygdsj31m39mfpr Z8shHEso1/ua7L7UL77u2Fw3O1DPx7oJ5onRmzByV4TLFqGLtNkmAWSl2/8urt wcLQfNrPsI/sB8b/ge2zrzgDs/JLqc3x+XdnxHMUiYNoCd8ge0FL45w4cgKPK WRt47eIkhJhNdGvobaPrUb510maQlmV7JywRhuwRmMsiTgSMmyMSIqgMqFBVF 4MUwhTSDeMFAkJRnoDvTFCx5qgHuHRuMP8sAYndpBllzQszF6YURGcClXtWcxx 4bs+qxSOo97GETOQMw4FYjo4SpEsypyI2JqIMcqEl6k+jVgmJgmdbIKqhKpUS WFEF/nQY+uii9XWyaaM8qjVacKnm+IbhAeVbFNVh1GDUAOrPiw3SW7G5BbJLT oXyjFrM4TONEFtMRf7+CSK16EtGCqiYWSWkNkGiCNWVcW4wsh8ZD3nY+vpEh7U VrnBii0QutAE9UTNqw332mLE92LMtyfyEfyjea6ITNTr/yQfaQjvkS484esrK OPsX4q9b9EuPDqzfOgWVR+wuymOsLcnxzVm4kyPbocT/KnIcDN8WNTvJs5Dw7h Oo3noR3SKKt8V52qwt/sgi9Fw2oVTEY2Bf9D4H3sPz7W3LLIb3BfF2EmODe/m XPQmjneW+7M5ls3N9XeNDIlbOgF34C70oKdBGIHnWMFL6H8PfsIh/E4UE7uJ1 4k3dWpri9C5BaEn8f4vK7ny8A==</latexit><latexit sha1_base64="rJhjUpVVB sXbANd0IbyR6xbQv5s=">AAAI4niclVVLTxNRFD6Ij1ofgG5M3DQWGkRpbkGCI WIg8pCEBCjPhGIzM71tJ8yLmaGxTsoPYGdcuNCNJiyMW/+BG/6AC36CMXGDCS 5ceOb0QpmZFnRuZube833ncc89917Z0lTHZeyg7UL7xUuXr8Suxq9dv3Gzo7P r1opjbtsKX1ZMzbTXZMnhmmrwZVd1Nb5m2VzSZY2vypvPfHy1wm1HNY0lt2rxD V0qGWpRVSQXRflOOSfzkmp4fMuQbFuq9tXiqd6cLrllW/fUXNmxJIV7/Wk2xP WaWru/I42y9HAql4un7HzfaCY9/HAnkx7Ez4MMe+H1D9ZS8Rw3CqcM5juTLM3 oSUQ7GdFJgnjmza72L5CDApigwDbowMEAF/saSOBgW4cMMLBQtgEeymzsqYRzq EEcdbeRxZEhoXQTvyUcrQupgWPfpkPaCnrR8LVRMwE97Bv7xA7ZPvvMvrM/LW 15ZMOPpYp/ua7LrXzH7p3Fo3O1dPy7UG5onRmzC0V4TLGqGLtFEn8WSl2/8urt 4eJItsdLsY/sB8b/gR2wrzgDo/JL2Vvg2XdnxHMciY1oEV8/e37rwTlx5PgeE 8iq4reAkiJhe6K/h9oetj3Kv0bSBMpqZKfBGm/CGo+wJOJIyLAwIimEyoT6Ub kRTCFMId0gUiDEH2lN9CYInWiBuoSH4w7ygxqc2H6WHdIwMXtBRkVwKlS1ZzEn he/6rBI4DnubRExHziTkiWnjKEGyMHMqZGsqwigRXqL61COZmCZ0ugVaJrRMl RRENJEPLbIumlhtjWzKKA9bnSV8tiW+SbhfyRZVdRDVCdWx6oNyg+RGRG6S3K RzoRSxNkfoXAvUEnOxTk6iaB1aglFGNIjMEzLfBLHFqpYxriCSDa1nNrKeDuF+ bZWarNgioYstUFfUfLnpXlsK+V6K+HZFPvx/OM8VkYl6/Tfy0QPBPZLEE76+g jLO/qXY+ybtwuMzy4NuUfU+u5viCHp7clJjBs70+HZo4E9Fhlvho6J+t3AeKsZ 1Gs3BAKIzVPmOOFf9vd0PaYyG0y6cCWkM/oPG/9h7dK69FZFd/74oRE5ybHg3 Z8I3cbSzMpDOsHRmYSg5NiJu6RjchXvQi56GYQyeYwUvo/99+AlH8DtWiO3GX sfe1KkX2oTObQg8sfd/ASyp8vM=</latexit><latexit sha1_base64="rJhjUpVVB sXbANd0IbyR6xbQv5s=">AAAI4niclVVLTxNRFD6Ij1ofgG5M3DQWGkRpbkGCI WIg8pCEBCjPhGIzM71tJ8yLmaGxTsoPYGdcuNCNJiyMW/+BG/6AC36CMXGDCS 5ceOb0QpmZFnRuZube833ncc89917Z0lTHZeyg7UL7xUuXr8Suxq9dv3Gzo7P r1opjbtsKX1ZMzbTXZMnhmmrwZVd1Nb5m2VzSZY2vypvPfHy1wm1HNY0lt2rxD V0qGWpRVSQXRflOOSfzkmp4fMuQbFuq9tXiqd6cLrllW/fUXNmxJIV7/Wk2xP WaWru/I42y9HAql4un7HzfaCY9/HAnkx7Ez4MMe+H1D9ZS8Rw3CqcM5juTLM3 oSUQ7GdFJgnjmza72L5CDApigwDbowMEAF/saSOBgW4cMMLBQtgEeymzsqYRzq EEcdbeRxZEhoXQTvyUcrQupgWPfpkPaCnrR8LVRMwE97Bv7xA7ZPvvMvrM/LW 15ZMOPpYp/ua7LrXzH7p3Fo3O1dPy7UG5onRmzC0V4TLGqGLtFEn8WSl2/8urt 4eJItsdLsY/sB8b/gR2wrzgDo/JL2Vvg2XdnxHMciY1oEV8/e37rwTlx5PgeE 8iq4reAkiJhe6K/h9oetj3Kv0bSBMpqZKfBGm/CGo+wJOJIyLAwIimEyoT6Ub kRTCFMId0gUiDEH2lN9CYInWiBuoSH4w7ygxqc2H6WHdIwMXtBRkVwKlS1ZzEn he/6rBI4DnubRExHziTkiWnjKEGyMHMqZGsqwigRXqL61COZmCZ0ugVaJrRMl RRENJEPLbIumlhtjWzKKA9bnSV8tiW+SbhfyRZVdRDVCdWx6oNyg+RGRG6S3K RzoRSxNkfoXAvUEnOxTk6iaB1aglFGNIjMEzLfBLHFqpYxriCSDa1nNrKeDuF+ bZWarNgioYstUFfUfLnpXlsK+V6K+HZFPvx/OM8VkYl6/Tfy0QPBPZLEE76+g jLO/qXY+ybtwuMzy4NuUfU+u5viCHp7clJjBs70+HZo4E9Fhlvho6J+t3AeKsZ 1Gs3BAKIzVPmOOFf9vd0PaYyG0y6cCWkM/oPG/9h7dK69FZFd/74oRE5ybHg3 Z8I3cbSzMpDOsHRmYSg5NiJu6RjchXvQi56GYQyeYwUvo/99+AlH8DtWiO3GX sfe1KkX2oTObQg8sfd/ASyp8vM=</latexit><latexit sha1_base64="k0sg5mngA fQ8pKttYd3MGQkZvqQ=">AAAI4niclVVJTxRBFH6AyzgugF5MvEyEmSDKpAY0G CIGIoskJOxLwuCku6dmukNvdDcTsTP8AG7Ggwe9aDIH49V/4IU/4IGfYEy8YI IHD75+UyzdPQPale6uet/3lnr1qkq2dc31GNtvaW27cPHS5cSV5NVr12+0d3T eXHatLUfhS4qlW86qLLlc10y+5Gmezldth0uGrPMVeeNZgK9UuONqlrnobdt83 ZDKplbSFMlDUaFDzsu8rJk+3zQlx5G2e6vJTE/ekDzVMXwtr7q2pHC/L8seca OqVe/tSMMsO5jJ55MZp9A7nMsOPtjJZQfwcz/HXvh9A9VMMs/N4imDhY4ulmX 0pOKdnOh0gXhmrc62L5CHIligwBYYwMEED/s6SOBiW4McMLBRtg4+yhzsaYRzq EISdbeQxZEhoXQDv2UcrQmpiePApkvaCnrR8XVQMwVp9o19Ygdsj31m39mfpr Z8shHEso1/ua7L7UL77u2Fw3O1DPx7oJ5onRmzByV4TLFqGLtNkmAWSl2/8urt wcLQfNrPsI/sB8b/ge2zrzgDs/JLqc3x+XdnxHMUiYNoCd8ge0FL45w4cgKPK WRt47eIkhJhNdGvobaPrUb510maQlmV7JywRhuwRmMsiTgSMmyMSIqgMqFBVF 4MUwhTSDeMFAkJRnoDvTFCx5qgHuHRuMP8sAYndpBllzQszF6YURGcClXtWcxx 4bs+qxSOo97GETOQMw4FYjo4SpEsypyI2JqIMcqEl6k+jVgmJgmdbIKqhKpUS WFEF/nQY+uii9XWyaaM8qjVacKnm+IbhAeVbFNVh1GDUAOrPiw3SW7G5BbJLT oXyjFrM4TONEFtMRf7+CSK16EtGCqiYWSWkNkGiCNWVcW4wsh8ZD3nY+vpEh7U VrnBii0QutAE9UTNqw332mLE92LMtyfyEfyjea6ITNTr/yQfaQjvkS484esrK OPsX4q9b9EuPDqzfOgWVR+wuymOsLcnxzVm4kyPbocT/KnIcDN8WNTvJs5Dw7h Oo3noR3SKKt8V52qwt/sgi9Fw2oVTEY2Bf9D4H3sPz7W3LLIb3BfF2EmODe/m XPQmjneW+7M5ls3N9XeNDIlbOgF34C70oKdBGIHnWMFL6H8PfsIh/E4UE7uJ1 4k3dWpri9C5BaEn8f4vK7ny8A==</latexit>
(iii) a = 0.55
r⇤ = 1.7, 1.3, 1 + 10 3
<latexit sha1_base64="2kO6y8klhH1NcpMFABNaYk2j/YY=">AAAI83iclV VbTxNBFD4FL6VeAH0x8aUR2uCFZgoSDBEDkYskJFzKLaHY7G6HdsPe2F0a66b8AP+ADzxJ7IMxvvkPfPEP+MBPMD5i4ouJnj0dKLvbgu5kd2fO953LnDkzI1ua6 riMHcU6Oi9dvnI13pW4dv3Gze6e3ltrjrlnK3xVMTXT3pAlh2uqwVdd1dX4hmVzSZc1vi7vPPfx9Qq3HdU0Vtyqxbd0qWSo26oiuSgq9Dh5mZdUw+O7hmTbUvV BLZEeyOuSW7Z1T82XHUtSuDeYYSNcr0XGtfv70jjLjIyk8/lE2i48GM9mRh/tZzPD+HmYZS+9weFaOpHnRvGMh0JPH8swepLRTlZ0+kA8i2Zv52fIQxFMUGAPdO BggIt9DSRwsG1CFhhYKNsCD2U29lTCOdQggbp7yOLIkFC6g98SjjaF1MCxb9MhbQW9aPjaqJmEFPvGPrBj9pV9ZN/Z77a2PLLhx1LFv9zQ5Vah+82d3K8LtXT8u 1Buap0bswvb8IRiVTF2iyT+LJSGfuX12+Pc2HLKS7ND9gPjf8eO2BecgVH5qdSX+PLBOfGcRGIjuo2vnz2/pXBOHDm+xySyqvgtomSbsLro11Hbw1an/GskTaKs RnaarMkWrMkISyKOhAwLI5JCqEyoH5UbwRTCFNINIkVC/JHWQm+K0Kk2qEt4OO4gP6jBie1n2SENE7MXZFQEp0JVex5zWvhuzCqJ47C3acR05ExDgZg2jpIkCz NnQrZmIowS4SWqTz2SiVlCZ9ugZULLVElBRBP50CLroonV1simjPKw1XnC59viO4T7lWxRVQdRnVAdqz4oN0huROQmyU06F0oRawuELrRBLTEX6/QkitahJRhlR IPIIiGLLRBbrGoZ4woiy6H1XI6sp0O4X1ulFiuWIzTXBnVFzZdb7rWVkO+ViG9X5MP/h/NcEZlo1H8zHykI7pE+POEbKyjj7F+JvW/SLjw5szzoF1Xvs/spjqC3 p6c1ZuBMT26HJv5MZLgdPi7qdxfnoWJcZ9E8DCE6R5XviHPV39uDkMFoOO3CuZDG8D9o/I+9xxfaWxPZ9e+LYuQkx4Z3czZ8E0c7a0OZLMtkl4b6JsbELR2Hu3A PBtDTKEzAC6zgVfR/BH9i8VhXfC9+ED+Mv29QO2JC5zYEnvinv6tS95I=</latexit><latexit sha1_base64="QwcSWPotp7v1P2+DIUwZ3dGRhds=">AAAI83iclV VbTxNBFD4FL6VeAH0x8aWxtMELzRQkGCIGIhdJSIByTSg2u9uh3bA3dreNuCk/wD/gA08SeTDGN/+BL/4BH/gJxkdMfDHRs6cDZXdb0J3s7sz5vnOZM2dmZEtTH Zexo1hH56XLV67GuxLXrt+42d3Te2vVMau2wlcUUzPtdVlyuKYafMVVXY2vWzaXdFnja/L2cx9fq3HbUU1j2d21+KYulQ11S1UkF0XFHqcg87JqeHzHkGxb2n1 QT2T6C7rkVmzdUwsVx5IU7g1k2TDX65Fx/f6eNMayw8OZQiGRsYsPxnLZkUd7uewQfh7m2EtvYKieSRS4UTrjodiTYllGTzLayYlOCsSzYPZ2foYClMAEBaqgAw cDXOxrIIGDbQNywMBC2SZ4KLOxpxLOoQ4J1K0iiyNDQuk2fss42hBSA8e+TYe0FfSi4WujZhLS7Bv7wI7ZV/aRfWe/29ryyIYfyy7+5YYut4rdb+4s/bpQS8e/C 5Wm1rkxu7AFTyhWFWO3SOLPQmno116/PV4azae9DDtgPzD+d+yIfcEZGLWfyuEiz++fE89JJDaiW/j62fNbGufEkeN7TCJrF78llGwRdij6h6jtYTuk/GskTaKs TnaarIkWrIkISyKOhAwLI5JCqEyoH5UbwRTCFNINIiVC/JHWQm+S0Mk2qEt4OO4gP6jBie1n2SENE7MXZNQEp0ZVex5zSvhuzCqJ47C3KcR05ExBkZg2jpIkCz OnQ7amI4wy4WWqTz2SiRlCZ9qgFUIrVElBRBP50CLroonV1simjPKw1TnC59ri24T7lWxRVQdRnVAdqz4oN0huROQmyU06F8oRa/OEzrdBLTEX6/QkitahJRgVR IPIAiELLRBbrGoF4woi+dB65iPr6RDu11a5xYotEbrUBnVFzVda7rXlkO/liG9X5MP/h/NcE5lo1H8zH2kI7pEUnvCNFZRx9q/E3jdpF56cWR70iar32X0UR9Db 09MaM3CmJ7dDE38mMtwOHxP1u4PzUDGus2gBBhGdpcp3xLnq7+0ByGI0nHbhbEhj6B80/sfe4wvtrYrs+vdFKXKSY8O7ORe+iaOd1cFsjmVzi8Op8VFxS8fhLty DfvQ0AuPwAit4Bf0fwZ9YPNYVr8b34wfx9w1qR0zo3IbAE//0F6xC95U=</latexit><latexit sha1_base64="QwcSWPotp7v1P2+DIUwZ3dGRhds=">AAAI83iclV VbTxNBFD4FL6VeAH0x8aWxtMELzRQkGCIGIhdJSIByTSg2u9uh3bA3dreNuCk/wD/gA08SeTDGN/+BL/4BH/gJxkdMfDHRs6cDZXdb0J3s7sz5vnOZM2dmZEtTH Zexo1hH56XLV67GuxLXrt+42d3Te2vVMau2wlcUUzPtdVlyuKYafMVVXY2vWzaXdFnja/L2cx9fq3HbUU1j2d21+KYulQ11S1UkF0XFHqcg87JqeHzHkGxb2n1 QT2T6C7rkVmzdUwsVx5IU7g1k2TDX65Fx/f6eNMayw8OZQiGRsYsPxnLZkUd7uewQfh7m2EtvYKieSRS4UTrjodiTYllGTzLayYlOCsSzYPZ2foYClMAEBaqgAw cDXOxrIIGDbQNywMBC2SZ4KLOxpxLOoQ4J1K0iiyNDQuk2fss42hBSA8e+TYe0FfSi4WujZhLS7Bv7wI7ZV/aRfWe/29ryyIYfyy7+5YYut4rdb+4s/bpQS8e/C 5Wm1rkxu7AFTyhWFWO3SOLPQmno116/PV4azae9DDtgPzD+d+yIfcEZGLWfyuEiz++fE89JJDaiW/j62fNbGufEkeN7TCJrF78llGwRdij6h6jtYTuk/GskTaKs TnaarIkWrIkISyKOhAwLI5JCqEyoH5UbwRTCFNINIiVC/JHWQm+S0Mk2qEt4OO4gP6jBie1n2SENE7MXZNQEp0ZVex5zSvhuzCqJ47C3KcR05ExBkZg2jpIkCz OnQ7amI4wy4WWqTz2SiRlCZ9qgFUIrVElBRBP50CLroonV1simjPKw1TnC59ri24T7lWxRVQdRnVAdqz4oN0huROQmyU06F8oRa/OEzrdBLTEX6/QkitahJRgVR IPIAiELLRBbrGoF4woi+dB65iPr6RDu11a5xYotEbrUBnVFzVda7rXlkO/liG9X5MP/h/NcE5lo1H8zH2kI7pEUnvCNFZRx9q/E3jdpF56cWR70iar32X0UR9Db 09MaM3CmJ7dDE38mMtwOHxP1u4PzUDGus2gBBhGdpcp3xLnq7+0ByGI0nHbhbEhj6B80/sfe4wvtrYrs+vdFKXKSY8O7ORe+iaOd1cFsjmVzi8Op8VFxS8fhLty DfvQ0AuPwAit4Bf0fwZ9YPNYVr8b34wfx9w1qR0zo3IbAE//0F6xC95U=</latexit><latexit sha1_base64="2kO6y8klhH1NcpMFABNaYk2j/YY=">AAAI83iclV VbTxNBFD4FL6VeAH0x8aUR2uCFZgoSDBEDkYskJFzKLaHY7G6HdsPe2F0a66b8AP+ADzxJ7IMxvvkPfPEP+MBPMD5i4ouJnj0dKLvbgu5kd2fO953LnDkzI1ua6 riMHcU6Oi9dvnI13pW4dv3Gze6e3ltrjrlnK3xVMTXT3pAlh2uqwVdd1dX4hmVzSZc1vi7vPPfx9Qq3HdU0Vtyqxbd0qWSo26oiuSgq9Dh5mZdUw+O7hmTbUvV BLZEeyOuSW7Z1T82XHUtSuDeYYSNcr0XGtfv70jjLjIyk8/lE2i48GM9mRh/tZzPD+HmYZS+9weFaOpHnRvGMh0JPH8swepLRTlZ0+kA8i2Zv52fIQxFMUGAPdO BggIt9DSRwsG1CFhhYKNsCD2U29lTCOdQggbp7yOLIkFC6g98SjjaF1MCxb9MhbQW9aPjaqJmEFPvGPrBj9pV9ZN/Z77a2PLLhx1LFv9zQ5Vah+82d3K8LtXT8u 1Buap0bswvb8IRiVTF2iyT+LJSGfuX12+Pc2HLKS7ND9gPjf8eO2BecgVH5qdSX+PLBOfGcRGIjuo2vnz2/pXBOHDm+xySyqvgtomSbsLro11Hbw1an/GskTaKs RnaarMkWrMkISyKOhAwLI5JCqEyoH5UbwRTCFNINIkVC/JHWQm+K0Kk2qEt4OO4gP6jBie1n2SENE7MXZFQEp0JVex5zWvhuzCqJ47C3acR05ExDgZg2jpIkCz NnQrZmIowS4SWqTz2SiVlCZ9ugZULLVElBRBP50CLroonV1simjPKw1XnC59viO4T7lWxRVQdRnVAdqz4oN0huROQmyU06F0oRawuELrRBLTEX6/QkitahJRhlR IPIIiGLLRBbrGoZ4woiy6H1XI6sp0O4X1ulFiuWIzTXBnVFzZdb7rWVkO+ViG9X5MP/h/NcEZlo1H8zHykI7pE+POEbKyjj7F+JvW/SLjw5szzoF1Xvs/spjqC3 p6c1ZuBMT26HJv5MZLgdPi7qdxfnoWJcZ9E8DCE6R5XviHPV39uDkMFoOO3CuZDG8D9o/I+9xxfaWxPZ9e+LYuQkx4Z3czZ8E0c7a0OZLMtkl4b6JsbELR2Hu3A PBtDTKEzAC6zgVfR/BH9i8VhXfC9+ED+Mv29QO2JC5zYEnvinv6tS95I=</latexit>
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(iv) a = 0.5
r⇤ = 1.7, 1.3, 1 + 10 2
<latexit sha1_ba se64="bszG7LRj4qfn8x7J5A16aAiMV v0=">AAAI4niclVVLTxNRFD6Ij1ofg G5M3DRCG0RpbosEQ8RA5CEJCe9HQrGZ mV7aCfNiZmisk/ID2BkXLnSjSRfGrf/ ADX/ABT/BmLjBBBcuPHN6ocxMCzo3M 3Pv+b7zuOeee69saarjMnbQdqH94qXL V2JX49eu37jZ0dl1a8Uxd2yFLyumZtp rsuRwTTX4squ6Gl+zbC7pssZX5a1nP r5a5rajmsaSW7H4hi4VDXVTVSQXRflO OSfzomp4fNuQbFuq9FXjqd6cLrklW/f UXMmxJIV7/Wk2yPVquXp/Vxph6cFUL hdP2fm+kUx66OFuJj2AnwcZ9sLrz1ZT 8Rw3CqcM5ju7WZrRk4h2MqLTDeKZM7v av0AOCmCCAjugAwcDXOxrIIGDbR0yw MBC2QZ4KLOxpxLOoQpx1N1BFkeGhNIt /BZxtC6kBo59mw5pK+hFw9dGzQQk2Tf 2iR2yffaZfWd/WtryyIYfSwX/cl2XW/ mOvTuLR+dq6fh3odTQOjNmFzbhMcWq YuwWSfxZKHX98qu3h4vDC0kvxT6yHxj /B3bAvuIMjPIvpTbPF96dEc9xJDaim/ j62fNbEufEkeN7TCCrgt8CSjYJq4l+ DbU9bDXKv0bSBMqqZKfBGmvCGouwJOJ IyLAwIimEyoT6UbkRTCFMId0gUiDEH2 lN9MYJHW+BuoSH4w7ygxqc2H6WHdIw MXtBRllwylS1ZzEnhO/6rBI4DnubQEx HzgTkiWnjKEGyMHMyZGsywigSXqT61C OZmCJ0qgVaIrRElRRENJEPLbIumlht jWzKKA9bnSF8piW+RbhfyRZVdRDVCdW x6oNyg+RGRG6S3KRzoRixNkvobAvUEn OxTk6iaB1aglFCNIjMETLXBLHFqpYwr iCyEFrPhch6OoT7tVVssmKLhC62QF1 R86Wme20p5Hsp4tsV+fD/4TyXRSbq9d /IRxKCe6QbT/j6Cso4+5di75u0C4/PL A96RNX77B6KI+jtyUmNGTjT49uhgT8 VGW6Fj4j63cZ5qBjXaTQHWUSnqfIdca 76e7sf0hgNp104HdIY+AeN/7H36Fx7K yK7/n1RiJzk2PBuzoRv4mhnJZvOsHR mPts9Oixu6RjchXvQi56GYBSeYwUvo/ 99+AlH8DtWiO3FXsfe1KkX2oTObQg8s fd/AX8M8vo=</latexit><latexit sha1_ba se64="WPhVGR8hZWZGQzcUp/3HB29HY uM=">AAAI4niclVVLTxNRFD6Ij1ofg G5M3DQWGkRpbkGCIWIg8pCEBCjPhGIz M71tJ8yLmaGxTsoPYGdcuNCNJiyMW/+ BG/6AC36CMXGDCS5ceOb0QpmZFnRuZ ube833ncc89917Z0lTHZeyg7UL7xUuX r8Suxq9dv3Gzo7Pr1opjbtsKX1ZMzbT XZMnhmmrwZVd1Nb5m2VzSZY2vypvPf Hy1wm1HNY0lt2rxDV0qGWpRVSQXRflO OSfzkmp4fMuQbFuq9tXiqd6cLrllW/f UXNmxJIV7/Wk2xPVapXZ/Rxpl6aFUL hdP2fm+0Ux6+OFOJj2InwcZ9sLrH6il 4jluFE4ZzHcmWZrRk4h2MqKTBPHMm13 tXyAHBTBBgW3QgYMBLvY1kMDBtg4ZY GChbAM8lNnYUwnnUIM46m4jiyNDQukm fks4WhdSA8e+TYe0FfSi4WujZgJ62Df 2iR2yffaZfWd/WtryyIYfSxX/cl2XW/ mO3TuLR+dq6fh3odzQOjNmF4rwmGJV MXaLJP4slLp+5dXbw8WRbI+XYh/ZD4z /AztgX3EGRuWXsrfAs+/OiOc4EhvRIr 5+9vzWg3PiyPE9JpBVxW8BJUXC9kR/ D7U9bHuUf42kCZTVyE6DNd6ENR5hScS RkGFhRFIIlQn1o3IjmEKYQrpBpECIP9 Ka6E0QOtECdQkPxx3kBzU4sf0sO6Rh YvaCjIrgVKhqz2JOCt/1WSVwHPY2iZi OnEnIE9PGUYJkYeZUyNZUhFEivET1qU cyMU3odAu0TGiZKimIaCIfWmRdNLHa GtmUUR62Okv4bEt8k3C/ki2q6iCqE6p j1QflBsmNiNwkuUnnQilibY7QuRaoJe ZinZxE0Tq0BKOMaBCZJ2S+CWKLVS1jX EEkG1rPbGQ9HcL92io1WbFFQhdboK6 o+XLTvbYU8r0U8e2KfPj/cJ4rIhP1+m /koweCeySJJ3x9BWWc/Uux903ahcdnl gfdoup9djfFEfT25KTGDJzp8e3QwJ+ KDLfCR0X9buE8VIzrNJqDAURnqPIdca 76e7sf0hgNp104E9IY/AeN/7H36Fx7K yK7/n1RiJzk2PBuzoRv4mhnZSCdYen MwlBybETc0jG4C/egFz0Nwxg8xwpeRv /78BOO4HesENuNvY69qVMvtAmd2xB4Y u//An/88v0=</latexit><latexit sha1_ba se64="WPhVGR8hZWZGQzcUp/3HB29HY uM=">AAAI4niclVVLTxNRFD6Ij1ofg G5M3DQWGkRpbkGCIWIg8pCEBCjPhGIz M71tJ8yLmaGxTsoPYGdcuNCNJiyMW/+ BG/6AC36CMXGDCS5ceOb0QpmZFnRuZ ube833ncc89917Z0lTHZeyg7UL7xUuX r8Suxq9dv3Gzo7Pr1opjbtsKX1ZMzbT XZMnhmmrwZVd1Nb5m2VzSZY2vypvPf Hy1wm1HNY0lt2rxDV0qGWpRVSQXRflO OSfzkmp4fMuQbFuq9tXiqd6cLrllW/f UXNmxJIV7/Wk2xPVapXZ/Rxpl6aFUL hdP2fm+0Ux6+OFOJj2InwcZ9sLrH6il 4jluFE4ZzHcmWZrRk4h2MqKTBPHMm13 tXyAHBTBBgW3QgYMBLvY1kMDBtg4ZY GChbAM8lNnYUwnnUIM46m4jiyNDQukm fks4WhdSA8e+TYe0FfSi4WujZgJ62Df 2iR2yffaZfWd/WtryyIYfSxX/cl2XW/ mO3TuLR+dq6fh3odzQOjNmF4rwmGJV MXaLJP4slLp+5dXbw8WRbI+XYh/ZD4z /AztgX3EGRuWXsrfAs+/OiOc4EhvRIr 5+9vzWg3PiyPE9JpBVxW8BJUXC9kR/ D7U9bHuUf42kCZTVyE6DNd6ENR5hScS RkGFhRFIIlQn1o3IjmEKYQrpBpECIP9 Ka6E0QOtECdQkPxx3kBzU4sf0sO6Rh YvaCjIrgVKhqz2JOCt/1WSVwHPY2iZi OnEnIE9PGUYJkYeZUyNZUhFEivET1qU cyMU3odAu0TGiZKimIaCIfWmRdNLHa GtmUUR62Okv4bEt8k3C/ki2q6iCqE6p j1QflBsmNiNwkuUnnQilibY7QuRaoJe ZinZxE0Tq0BKOMaBCZJ2S+CWKLVS1jX EEkG1rPbGQ9HcL92io1WbFFQhdboK6 o+XLTvbYU8r0U8e2KfPj/cJ4rIhP1+m /koweCeySJJ3x9BWWc/Uux903ahcdnl gfdoup9djfFEfT25KTGDJzp8e3QwJ+ KDLfCR0X9buE8VIzrNJqDAURnqPIdca 76e7sf0hgNp104E9IY/AeN/7H36Fx7K yK7/n1RiJzk2PBuzoRv4mhnZSCdYen MwlBybETc0jG4C/egFz0Nwxg8xwpeRv /78BOO4HesENuNvY69qVMvtAmd2xB4Y u//An/88v0=</latexit><latexit sha1_ba se64="bszG7LRj4qfn8x7J5A16aAiMV v0=">AAAI4niclVVLTxNRFD6Ij1ofg G5M3DRCG0RpbosEQ8RA5CEJCe9HQrGZ mV7aCfNiZmisk/ID2BkXLnSjSRfGrf/ ADX/ABT/BmLjBBBcuPHN6ocxMCzo3M 3Pv+b7zuOeee69saarjMnbQdqH94qXL V2JX49eu37jZ0dl1a8Uxd2yFLyumZtp rsuRwTTX4squ6Gl+zbC7pssZX5a1nP r5a5rajmsaSW7H4hi4VDXVTVSQXRflO OSfzomp4fNuQbFuq9FXjqd6cLrklW/f UXMmxJIV7/Wk2yPVquXp/Vxph6cFUL hdP2fm+kUx66OFuJj2AnwcZ9sLrz1ZT 8Rw3CqcM5ju7WZrRk4h2MqLTDeKZM7v av0AOCmCCAjugAwcDXOxrIIGDbR0yw MBC2QZ4KLOxpxLOoQpx1N1BFkeGhNIt /BZxtC6kBo59mw5pK+hFw9dGzQQk2Tf 2iR2yffaZfWd/WtryyIYfSwX/cl2XW/ mOvTuLR+dq6fh3odTQOjNmFzbhMcWq YuwWSfxZKHX98qu3h4vDC0kvxT6yHxj /B3bAvuIMjPIvpTbPF96dEc9xJDaim/ j62fNbEufEkeN7TCCrgt8CSjYJq4l+ DbU9bDXKv0bSBMqqZKfBGmvCGouwJOJ IyLAwIimEyoT6UbkRTCFMId0gUiDEH2 lN9MYJHW+BuoSH4w7ygxqc2H6WHdIw MXtBRllwylS1ZzEnhO/6rBI4DnubQEx HzgTkiWnjKEGyMHMyZGsywigSXqT61C OZmCJ0qgVaIrRElRRENJEPLbIumlht jWzKKA9bnSF8piW+RbhfyRZVdRDVCdW x6oNyg+RGRG6S3KRzoRixNkvobAvUEn OxTk6iaB1aglFCNIjMETLXBLHFqpYwr iCyEFrPhch6OoT7tVVssmKLhC62QF1 R86Wme20p5Hsp4tsV+fD/4TyXRSbq9d /IRxKCe6QbT/j6Cso4+5di75u0C4/PL A96RNX77B6KI+jtyUmNGTjT49uhgT8 VGW6Fj4j63cZ5qBjXaTQHWUSnqfIdca 76e7sf0hgNp104HdIY+AeN/7H36Fx7K yK7/n1RiJzk2PBuzoRv4mhnJZvOsHR mPts9Oixu6RjchXvQi56GYBSeYwUvo/ 99+AlH8DtWiO3FXsfe1KkX2oTObQg8s fd/AX8M8vo=</latexit>
↵
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↵
<latexit sha1_base64="EI6JMPBByx2SfwtRAZhqx9vEXFY=">AAAIoniclZ XPaxNBFMdfW3/E+KOtXgQvoWlEBMOkCkpRabE/rBTaJv0FTQm7m8lm6ewPd7fBGnoX/wEPnhRyEMGToHcv/gMe+ieIxwpePPjmZdK4u0mruyQ7+z7fN/PmzZtZ3 RNWEDJ2MDA4dOr0mbOpc+nzFy5eGh4ZvbweuLu+wdcMV7j+pq4FXFgOXwutUPBNz+earQu+oe88knyjwf3Acp3VcM/j27ZmOlbNMrQQTZWRsbLOTctpasIynZv 76bImvLqWLnOn2rFVRrIsz+jKJBsF1ciCupbd0aGPUIYquGDALtjAwYEQ2wI0CPDeggIw8NC2DU20+diyiHPYhzT67qKKo0JD6w7+m/i2pawOvss+A/I2cBSBPx 89M5Bj39g7dsi+svfsO/vdt68m9SFj2cOn3vblXmX45dXSrxO9bHyGUO96HRtzCDW4R7FaGLtHFjkLo+3feP7qsDRZzDWvs7fsB8b/hh2wLzgDp/HTaK3w4utj4 ulE4iOt4U9mT945nBNHjRwxg6o9/K+ipUaspdot9G7i3aL8C7Jm0LZP/XRV0z1U0wmVRhoNFR5GpMWoTlRGFSaYQcwg3yipEpFvooffDNGZPjQkHo87qo96cFLL LAfk4WL2ooqG0jSoao9Tzqqx27PK4Ht8tFlkNmpmoUJKH98yZIsr52J9zSUUJnGT6tNOZGKe6HwfWidap0qKEqHyIRLrItRqC+pTR3u810Xii335DnFZyR5VdZ TaRG2s+qjdIbuTsLtkd+lcMBO9LRFd6kM9NRfv6CRK1qGnFHWkUbJMZLkH8dWq1jGuKCnG1rOYWM+AuKwts8eKlYiW+tBQ1Xy9515bjY29mhg7VPmQz3ieGyoT7 frv5iMH0T2SxRO+vYI6zv6Z2vsu7cLOmdWEcVX1Uj1OcURHu39UYw7OtPN16PKHKsP9+ANVv09xHhbG9TctwwTSBar8QJ2rcm/fgjxGw2kXLsQ8bv+Dx//0d+fE /tZVduX3opo4yfHGb3Mh/iVONtYn8gWWL6xMZKcm1Vc6BddgDG7gSHdhCh5jBa/h+C/gA3yCz6nx1JPUSqrUlg4OKJ8rELlS5T+b2tyW</latexit><latexit sha1_base64="EHG7tYad4KhcyLyVYhbHrSGdAJ0=">AAAIoniclZ VLb9NAEMenlEcIj7ZwQeISNQ1CSESbAgJVgFrRB0WV2iZ9SU0V2c7Gsbp+YLsRJeod8QU4cAIpB4TECQnuXPgCHPoREMciceHA7GTTYDtpwVbi9fz+szs7O7vWP WEFIWP7AycGT546fSZ1Nn3u/IWLQ8Mjl9YCd8c3+KrhCtff0LWAC8vhq6EVCr7h+VyzdcHX9e1Hkq83uB9YrrMS7np8y9ZMx6pZhhaiqTI8Wta5aTlNTVimc2M vXdaEV9fSZe5UO7bKcJblGV2ZZKOgGllQ15I7MvgRylAFFwzYARs4OBBiW4AGAd6bUAAGHtq2oIk2H1sWcQ57kEbfHVRxVGho3cZ/E982ldXBd9lnQN4GjiLw56 NnBnLsG3vHDthX9p59Z7/79tWkPmQsu/jU277cqwy9vFL6dayXjc8Q6l2vI2MOoQb3KFYLY/fIImdhtP0bz18dlCaKueY19pb9wPjfsH32BWfgNH4arWVefH1EP J1IfKQ1/MnsyTuHc+KokSNmULWL/1W01Ii1VLuF3k28W5R/QdYM2vaon65qqodqKqHSSKOhwsOItBjVicqowgQziBnkGyVVIvJN9PCbJjrdh4bE43FH9VEPTmqZ 5YA8XMxeVNFQmgZV7VHKGTV2e1YZfI+PNoPMRs0MVEjp41uGbHHlbKyv2YTCJG5SfdqJTMwRnetD60TrVElRIlQ+RGJdhFptQX3qaI/3ukB8oS/fJi4r2aOqjl KbqI1VH7U7ZHcSdpfsLp0LZqK3RaKLfain5uIdnkTJOvSUoo40SpaILPUgvlrVOsYVJcXYehYT6xkQl7Vl9lixEtFSHxqqmq/33GsrsbFXEmOHKh/yGc9zQ2WiX f/dfOQgukeyeMK3V1DH2T9Te9+lXdg5s5owpqpeqscojuho9w9rzMGZdr4OXf5QZbgff6Dq9ynOw8K4/qZlGEc6T5UfqHNV7u2bkMdoOO3C+ZjHrX/w+J/+bh/b 35rKrvxeVBMnOd74bS7Ev8TJxtp4vsDyheU72ckJ9ZVOwVUYhes40l2YhMdYwas4/gv4AJ/gc2os9SS1nCq1pScGlM9liFyp8h+cytyZ</latexit><latexit sha1_base64="EHG7tYad4KhcyLyVYhbHrSGdAJ0=">AAAIoniclZ VLb9NAEMenlEcIj7ZwQeISNQ1CSESbAgJVgFrRB0WV2iZ9SU0V2c7Gsbp+YLsRJeod8QU4cAIpB4TECQnuXPgCHPoREMciceHA7GTTYDtpwVbi9fz+szs7O7vWP WEFIWP7AycGT546fSZ1Nn3u/IWLQ8Mjl9YCd8c3+KrhCtff0LWAC8vhq6EVCr7h+VyzdcHX9e1Hkq83uB9YrrMS7np8y9ZMx6pZhhaiqTI8Wta5aTlNTVimc2M vXdaEV9fSZe5UO7bKcJblGV2ZZKOgGllQ15I7MvgRylAFFwzYARs4OBBiW4AGAd6bUAAGHtq2oIk2H1sWcQ57kEbfHVRxVGho3cZ/E982ldXBd9lnQN4GjiLw56 NnBnLsG3vHDthX9p59Z7/79tWkPmQsu/jU277cqwy9vFL6dayXjc8Q6l2vI2MOoQb3KFYLY/fIImdhtP0bz18dlCaKueY19pb9wPjfsH32BWfgNH4arWVefH1EP J1IfKQ1/MnsyTuHc+KokSNmULWL/1W01Ii1VLuF3k28W5R/QdYM2vaon65qqodqKqHSSKOhwsOItBjVicqowgQziBnkGyVVIvJN9PCbJjrdh4bE43FH9VEPTmqZ 5YA8XMxeVNFQmgZV7VHKGTV2e1YZfI+PNoPMRs0MVEjp41uGbHHlbKyv2YTCJG5SfdqJTMwRnetD60TrVElRIlQ+RGJdhFptQX3qaI/3ukB8oS/fJi4r2aOqjl KbqI1VH7U7ZHcSdpfsLp0LZqK3RaKLfain5uIdnkTJOvSUoo40SpaILPUgvlrVOsYVJcXYehYT6xkQl7Vl9lixEtFSHxqqmq/33GsrsbFXEmOHKh/yGc9zQ2WiX f/dfOQgukeyeMK3V1DH2T9Te9+lXdg5s5owpqpeqscojuho9w9rzMGZdr4OXf5QZbgff6Dq9ynOw8K4/qZlGEc6T5UfqHNV7u2bkMdoOO3C+ZjHrX/w+J/+bh/b 35rKrvxeVBMnOd74bS7Ev8TJxtp4vsDyheU72ckJ9ZVOwVUYhes40l2YhMdYwas4/gv4AJ/gc2os9SS1nCq1pScGlM9liFyp8h+cytyZ</latexit><latexit sha1_base64="EI6JMPBByx2SfwtRAZhqx9vEXFY=">AAAIoniclZ XPaxNBFMdfW3/E+KOtXgQvoWlEBMOkCkpRabE/rBTaJv0FTQm7m8lm6ewPd7fBGnoX/wEPnhRyEMGToHcv/gMe+ieIxwpePPjmZdK4u0mruyQ7+z7fN/PmzZtZ3 RNWEDJ2MDA4dOr0mbOpc+nzFy5eGh4ZvbweuLu+wdcMV7j+pq4FXFgOXwutUPBNz+earQu+oe88knyjwf3Acp3VcM/j27ZmOlbNMrQQTZWRsbLOTctpasIynZv 76bImvLqWLnOn2rFVRrIsz+jKJBsF1ciCupbd0aGPUIYquGDALtjAwYEQ2wI0CPDeggIw8NC2DU20+diyiHPYhzT67qKKo0JD6w7+m/i2pawOvss+A/I2cBSBPx 89M5Bj39g7dsi+svfsO/vdt68m9SFj2cOn3vblXmX45dXSrxO9bHyGUO96HRtzCDW4R7FaGLtHFjkLo+3feP7qsDRZzDWvs7fsB8b/hh2wLzgDp/HTaK3w4utj4 ulE4iOt4U9mT945nBNHjRwxg6o9/K+ipUaspdot9G7i3aL8C7Jm0LZP/XRV0z1U0wmVRhoNFR5GpMWoTlRGFSaYQcwg3yipEpFvooffDNGZPjQkHo87qo96cFLL LAfk4WL2ooqG0jSoao9Tzqqx27PK4Ht8tFlkNmpmoUJKH98yZIsr52J9zSUUJnGT6tNOZGKe6HwfWidap0qKEqHyIRLrItRqC+pTR3u810Xii335DnFZyR5VdZ TaRG2s+qjdIbuTsLtkd+lcMBO9LRFd6kM9NRfv6CRK1qGnFHWkUbJMZLkH8dWq1jGuKCnG1rOYWM+AuKwts8eKlYiW+tBQ1Xy9515bjY29mhg7VPmQz3ieGyoT7 frv5iMH0T2SxRO+vYI6zv6Z2vsu7cLOmdWEcVX1Uj1OcURHu39UYw7OtPN16PKHKsP9+ANVv09xHhbG9TctwwTSBar8QJ2rcm/fgjxGw2kXLsQ8bv+Dx//0d+fE /tZVduX3opo4yfHGb3Mh/iVONtYn8gWWL6xMZKcm1Vc6BddgDG7gSHdhCh5jBa/h+C/gA3yCz6nx1JPUSqrUlg4OKJ8rELlS5T+b2tyW</latexit>
(vi) a = 0.1
r⇤ = 1.7, 1.3, 1 + 10 2
<latexit sha1_base64="JUyPkrFM8/nL4m61j+KT4xSOJTA=">AAAI4niclV VLTxNRFD6Aj1ofgG5M3DRCG0RpbosGQ8RA5CEJCdDySig2M9NLO2FezAyNOCk/gJ1x4UI3mnRh3PoP3PAHXPATjIkbTHDhwjOnl8fMtKBzMzP3nu87j3vuuffKl qY6LmP7be0dFy5euhy7Er967fqNzq7um0uOuWUrfFExNdNekSWHa6rBF13V1fiKZXNJlzW+LG888/HlKrcd1TQW3G2Lr+lS2VDXVUVyUVTskgsyL6uGxzcNyba l7f5aPNVX0CW3YutetVBxLEnh3kCaPeJ6Ta3d25FGWDqTKhTiKbvYP5JJDz3YyaQH8XM/w154A9laKl7gRumUwWJXD0szehLRTkZ0ekA8c2Z3xxcoQAlMUGALdO BggIt9DSRwsK1CBhhYKFsDD2U29lTCOdQgjrpbyOLIkFC6gd8yjlaF1MCxb9MhbQW9aPjaqJmAJPvGPrEDtsc+s+/sT0tbHtnwY9nGv9zQ5Vaxc/d2/vBcLR3/L lROtM6M2YV1eEyxqhi7RRJ/FkpDv/rq7UF+OJf0Uuwj+4Hxf2D77CvOwKj+UurzPPfujHiOIrERXcfXz57fkjgnjhzfYwJZ2/gtoWSdsLro11Hbw1an/GskTaCs RnZOWGNNWGMRlkQcCRkWRiSFUJlQPyo3gimEKaQbREqE+COtid44oeMtUJfwcNxBflCDE9vPskMaJmYvyKgKTpWq9izmhPDdmFUCx2FvE4jpyJmAIjFtHCVIFm ZOhmxNRhhlwstUn3okE1OETrVAK4RWqJKCiCbyoUXWRROrrZFNGeVhqzOEz7TENwj3K9miqg6iOqE6Vn1QbpDciMhNkpt0LpQj1mYJnW2BWmIu1vFJFK1DSzAqi AaROULmmiC2WNUKxhVEcqH1zEXW0yHcr61ykxXLE5pvgbqi5itN99pCyPdCxLcr8uH/w3muikw06v8kH0kI7pEePOEbKyjj7F+KvW/SLjw6szzoFVXvs3spjqC3 J8c1ZuBMj26HE/ypyHArfETU7ybOQ8W4TqMFyCI6TZXviHPV39sDkMZoOO3C6ZDG4D9o/I+9h+faWxLZ9e+LUuQkx4Z3cyZ8E0c7S9l0Bm/9+WzP6LC4pWNwB+5 CH3oaglF4jhW8iP734Cccwu9YKbYbex1706C2twmdWxB4Yu//Al688vY=</latexit><latexit sha1_base64="ymJ6w4w9PUphQ2Gxg/EgqjDhObs=">AAAI4niclV VJTxRBFH6IyzgugF5MvEyEmSDKpBokGCIGIoskJMCwJgxOuntqZjr0RnczETvDD+BmPHjQiyYcjFf/gRf+gAd+gjHxggkePPj6TbF09wxoV7q76n3fW+rVqyrF1 jXXY2y/5ULrxUuXrySuJq9dv3Gzrb3j1pJrbToqX1Qt3XJWFNnlumbyRU/zdL5iO1w2FJ0vK+vPAny5yh1Xs8wFb8vma4ZcNrWSpsoeigrtSl7hZc30+YYpO46 81VNLZrrzhuxVHMOv5iuuLavc782yAW7UtNr9bXmYZaVMPp/MOIWeYSk7+HBbyvbj54HEXvi9fbVMMs/N4imDhfZOlmX0pOIdSXQ6QTyzVkfrF8hDESxQYRMM4G CCh30dZHCxrYIEDGyUrYGPMgd7GuEcapBE3U1kcWTIKF3HbxlHq0Jq4jiw6ZK2il50fB3UTEGafWOf2AHbY5/Zd/anqS2fbASxbOFfqetyu9C2c2f+8FwtA/8eV E60zozZgxI8plg1jN0mSTALta5fffX2YH4ol/Yz7CP7gfF/YPvsK87ArP5Sd+d47t0Z8RxF4iBawjfIXtDSOCeOnMBjCllb+C2ipETYrujvoraPbZfyr5M0hbIa 2TlhjTZgjcZYMnFkZNgYkRxBFUKDqLwYphKmkm4YKRISjPQGemOEjjVBPcKjcYf5YQ1O7CDLLmlYmL0woyo4Varas5jjwnd9VikcR72NI2YgZxwKxHRwlCJZlD kRsTURY5QJL1N9GrFMTBI62QStEFqhSgojusiHHlsXXay2TjYVlEetThM+3RRfJzyoZJuqOowahBpY9WG5SXIzJrdIbtG5UI5ZmyF0pglqi7nYxydRvA5twaggG kZmCZltgDhiVSsYVxjJRdYzF1tPl/CgtsoNVmye0PkmqCdqvtJwry1EfC/EfHsiH8E/mueqyES9/k/ykYbwHunEE76+ggrO/qXY+xbtwqMzy4cuUfUBu4viCHt7 clxjJs706HY4wZ+KDDfDh0X9buA8NIzrNJqHPkSnqPJdca4Ge7sXshgNp104FdHo/weN/7H36Fx7SyK7wX1RjJ3k2PBulqI3cbyz1JeV8NafG+gcGRK3dALuwj3 oRk+DMALPsYIX0f8e/IRD+J0oJnYSrxNv6tQLLULnNoSexPu/X6zy+Q==</latexit><latexit sha1_base64="ymJ6w4w9PUphQ2Gxg/EgqjDhObs=">AAAI4niclV VJTxRBFH6IyzgugF5MvEyEmSDKpBokGCIGIoskJMCwJgxOuntqZjr0RnczETvDD+BmPHjQiyYcjFf/gRf+gAd+gjHxggkePPj6TbF09wxoV7q76n3fW+rVqyrF1 jXXY2y/5ULrxUuXrySuJq9dv3Gzrb3j1pJrbToqX1Qt3XJWFNnlumbyRU/zdL5iO1w2FJ0vK+vPAny5yh1Xs8wFb8vma4ZcNrWSpsoeigrtSl7hZc30+YYpO46 81VNLZrrzhuxVHMOv5iuuLavc782yAW7UtNr9bXmYZaVMPp/MOIWeYSk7+HBbyvbj54HEXvi9fbVMMs/N4imDhfZOlmX0pOIdSXQ6QTyzVkfrF8hDESxQYRMM4G CCh30dZHCxrYIEDGyUrYGPMgd7GuEcapBE3U1kcWTIKF3HbxlHq0Jq4jiw6ZK2il50fB3UTEGafWOf2AHbY5/Zd/anqS2fbASxbOFfqetyu9C2c2f+8FwtA/8eV E60zozZgxI8plg1jN0mSTALta5fffX2YH4ol/Yz7CP7gfF/YPvsK87ArP5Sd+d47t0Z8RxF4iBawjfIXtDSOCeOnMBjCllb+C2ipETYrujvoraPbZfyr5M0hbIa 2TlhjTZgjcZYMnFkZNgYkRxBFUKDqLwYphKmkm4YKRISjPQGemOEjjVBPcKjcYf5YQ1O7CDLLmlYmL0woyo4Varas5jjwnd9VikcR72NI2YgZxwKxHRwlCJZlD kRsTURY5QJL1N9GrFMTBI62QStEFqhSgojusiHHlsXXay2TjYVlEetThM+3RRfJzyoZJuqOowahBpY9WG5SXIzJrdIbtG5UI5ZmyF0pglqi7nYxydRvA5twaggG kZmCZltgDhiVSsYVxjJRdYzF1tPl/CgtsoNVmye0PkmqCdqvtJwry1EfC/EfHsiH8E/mueqyES9/k/ykYbwHunEE76+ggrO/qXY+xbtwqMzy4cuUfUBu4viCHt7 clxjJs706HY4wZ+KDDfDh0X9buA8NIzrNJqHPkSnqPJdca4Ge7sXshgNp104FdHo/weN/7H36Fx7SyK7wX1RjJ3k2PBulqI3cbyz1JeV8NafG+gcGRK3dALuwj3 oRk+DMALPsYIX0f8e/IRD+J0oJnYSrxNv6tQLLULnNoSexPu/X6zy+Q==</latexit><latexit sha1_base64="JUyPkrFM8/nL4m61j+KT4xSOJTA=">AAAI4niclV VLTxNRFD6Aj1ofgG5M3DRCG0RpbosGQ8RA5CEJCdDySig2M9NLO2FezAyNOCk/gJ1x4UI3mnRh3PoP3PAHXPATjIkbTHDhwjOnl8fMtKBzMzP3nu87j3vuuffKl qY6LmP7be0dFy5euhy7Er967fqNzq7um0uOuWUrfFExNdNekSWHa6rBF13V1fiKZXNJlzW+LG888/HlKrcd1TQW3G2Lr+lS2VDXVUVyUVTskgsyL6uGxzcNyba l7f5aPNVX0CW3YutetVBxLEnh3kCaPeJ6Ta3d25FGWDqTKhTiKbvYP5JJDz3YyaQH8XM/w154A9laKl7gRumUwWJXD0szehLRTkZ0ekA8c2Z3xxcoQAlMUGALdO BggIt9DSRwsK1CBhhYKFsDD2U29lTCOdQgjrpbyOLIkFC6gd8yjlaF1MCxb9MhbQW9aPjaqJmAJPvGPrEDtsc+s+/sT0tbHtnwY9nGv9zQ5Vaxc/d2/vBcLR3/L lROtM6M2YV1eEyxqhi7RRJ/FkpDv/rq7UF+OJf0Uuwj+4Hxf2D77CvOwKj+UurzPPfujHiOIrERXcfXz57fkjgnjhzfYwJZ2/gtoWSdsLro11Hbw1an/GskTaCs RnZOWGNNWGMRlkQcCRkWRiSFUJlQPyo3gimEKaQbREqE+COtid44oeMtUJfwcNxBflCDE9vPskMaJmYvyKgKTpWq9izmhPDdmFUCx2FvE4jpyJmAIjFtHCVIFm ZOhmxNRhhlwstUn3okE1OETrVAK4RWqJKCiCbyoUXWRROrrZFNGeVhqzOEz7TENwj3K9miqg6iOqE6Vn1QbpDciMhNkpt0LpQj1mYJnW2BWmIu1vFJFK1DSzAqi AaROULmmiC2WNUKxhVEcqH1zEXW0yHcr61ykxXLE5pvgbqi5itN99pCyPdCxLcr8uH/w3muikw06v8kH0kI7pEePOEbKyjj7F+KvW/SLjw6szzoFVXvs3spjqC3 J8c1ZuBMj26HE/ypyHArfETU7ybOQ8W4TqMFyCI6TZXviHPV39sDkMZoOO3C6ZDG4D9o/I+9h+faWxLZ9e+LUuQkx4Z3cyZ8E0c7S9l0Bm/9+WzP6LC4pWNwB+5 CH3oaglF4jhW8iP734Cccwu9YKbYbex1706C2twmdWxB4Yu//Al688vY=</latexit>
(v) a = 0.3
r⇤ = 1.7, 1.3, 1 + 10 2
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FIG. 5: Critical angles in α-β plane in the extremal Kerr–Newman black hole. The red, green, blue, and orange lines show
(α1(a), β1(a)), (α1(b), β1(b)), (α1(c), β1(c)), and (α2, β2), respectively. We set r∗ = 1.7, 1.3, 1 + 10
−3 for Class I (the upper three
panels) and r∗ = 1.7, 1.3, 1 + 10−2 for Class II (the lower three panels) from outside to inside. The inside of each closed solid
curve shows the escape cone S. We can see that, in the near-horizon emission case for Class I, the presence of the critical angles
in Case (a) prevents the escape cone from disappearing.
where
rc,1 = 2(1− a), rc,2 = 2(1 + a). (62)
This function has the maximum with the value
f0 =
(
√
1 + 8a2 − 1)(√1 + 8a2 + 3)3
16a2
(63)
at r = r0 = (
√
1 + 8a2 + 3)/2. Furthermore, the values of b given in Eqs. (29) and (31a) are of the form
bsi =
−r2i + 2ri + a2
a
, b1(rH) = a+
1
a
, (64)
where rH = 1.
The critical angles with the above expressions are shown in Fig. 5. We can confirm that even if r∗ is close enough
to rH, the escape cones in Class I have a nonzero size in the region α > 0. On the other hand, as r∗ approaches rH
sufficiently, the escape cones in Class II shrink to the origin of the α-β plane. The critical angles (α1(a), β1(a)) that
appears only in Class I seem to prevent the escape cones in the horizon limit from disappearing.
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TABLE II: Escape probability evaluated at r∗ = 1 + ε in the extremal Kerr–Newman black hole.
a = 1 a = 0.9 a = 0.7 a = 0.55 a = 0.5 a = 0.3 a = 0.1
ε = 10−1 3.14× 10−1 2.96× 10−1 2.45× 10−1 1.81× 10−1 1.50× 10−1 5.52× 10−2 3.02× 10−2
ε = 10−3 2.93× 10−1 2.69× 10−1 1.98× 10−1 9.92× 10−2 3.27× 10−2 1.62× 10−5 4.52× 10−6
ε = 10−5 2.91× 10−1 2.67× 10−1 1.95× 10−1 9.19× 10−2 9.91× 10−3 1.64× 10−9 4.54× 10−10
ε→ 0 2.91× 10−1 2.67× 10−1 1.94× 10−1 9.11× 10−2 0 0 0
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a = 1
a = 0.9
a = 0.7
a = 0.55
a = 0.5
a = 0.3
a = 0.1
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FIG. 6: Escape probability in the extremal Kerr–Newman black hole.
Figure 6 shows the numerical plots of the escape probability for various values of a.1 As r∗ decreases, P mono-
tonically decreases in common regardless of a. On the other hand, qualitative difference depending on a appears in
near-horizon emissions. In the horizon limit, P takes a nonzero value for Class I while vanishes for Class II. Some
explicit values of P for near-horizon emissions are shown in Table II. We should note that P in the horizon limit
monotonically increases as a increases in Class I. Hence, we find that the maximum value of P in the horizon limit is
the case of the extremal Kerr black hole.
C. Nonextremal black holes
Finally, we show some examples of the critical angles and escape probability in nonextremal black holes, where
a2 + e2 = 0.999 with a = 0.98, 0.7, 0.3 and e = 0 with a = 0.98, 0.7, 0.3. The critical angles and escape probability
with the above cases are shown in Fig. 7 and Fig. 8, respectively. We find that both the sizes of S and P are
monotonically decreasing as r∗ decreases. In the horizon limit, S shrinks to the origin of the α-β plane and P
becomes zero. However, in rapidly rotating and near-extremal cases, even if r∗ is close to rH, the escape cones have a
relatively large size [see Fig. 7(i) and 7(ii)]. Similarly, the escape probability takes a relatively large value up to the
very vicinity of the horizon, and finally approaches zero rapidly.
1 The integral of the first term in Eq. (54a) is evaluated analytically:
− 1
2pi
∫ rH
rc,1
dr1
dα1(a)
dr1
cosβ1(a) =
1
2pi
[
arctan
(
(1 + a2)r2∗
a [r∗ − 1 + (r∗ + 1)(r2∗ + a2)]
√
4− 1/a2
(r∗ − 1)(r∗ − 3)
)
− (1 + a
2)r2∗
a [r∗ − 1 + (r∗ + 1)(r2∗ + a2)]
arctan
√
4− 1/a2
(r∗ − 1)(r∗ − 3)
]
. (65)
The horizon limit of this expression is 1/4− 1/(8a).
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(i) a2 + e2 = 0.999, a = 0.98
r⇤ = 1.7, 1.3, 1 + 10 3
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(ii) a2 + e2 = 0.999, a = 0.7
r⇤ = 1.7, 1.3, 1 + 10 3
<latexit sha1_base64="LWKDSJqCr sBDWgcg2oozWVA6r2Y=">AAAI8XiclVVbTxNBFD6ASq0XQF9MfGksNMilmRYNQ sRA5CIJCfdLQqHZ3Q7thr2xuzTWTfkB/gFjfFESHgyv/gNf/APG8BOMj5j4ool nT4fL7ragO9ndmfN95zJnzszIlqY6LmNHTc0tV65ea41dj9+4eet2W3vHnRXH 3LUVvqyYmmmvyZLDNdXgy67qanzNsrmkyxpflbef+/hqmduOahpLbsXiG7pUNN QtVZFcFOXbd3IyL6qGx3cMybalSk81nurO6ZJbsnVPzZUcS1K4159mj7leVasP 96TNbC/fzI6w9NDQUN+ehJ3BVC4XT9n5npFMerBvL5MewE9vhm16/QPVVDzHj cI5+/n2JEszehLRTkZ0kiCeObOj5RPkoAAmKLALOnAwwMW+BhI42NYhAwwslG2 AhzIbeyrhHKoQR91dZHFkSCjdxm8RR+tCauDYt+mQtoJeNHxt1ExAF/vKPrJj9 oUdsu/sd0NbHtnwY6ngX67pcivf9vre4q9LtXT8u1A607owZhe24AnFqmLsFk n8WSg1/fKrN8eLwwtdXortsx8Y/wd2xD7jDIzyT+Vgni+8uyCek0hsRLfw9bPn ty6cE0eO7zGBrAp+CyjZIuxA9A9Q28N2QPnXSJpAWZXsnLHG6rDGIiyJOBIyLI xICqEyoX5UbgRTCFNIN4gUCPFHWh29cULHG6Au4eG4g/ygBie2n2WHNEzMXpB RFpwyVe1FzAnhuzarBI7D3iYQ05EzAXli2jhKkCzMnAzZmowwioQXqT71SCamC J1qgJYILVElBRFN5EOLrIsmVlsjmzLKw1ZnCJ9piG8T7leyRVUdRHVCdaz6oN wguRGRmyQ36VwoRqzNEjrbALXEXKzTkyhah5ZglBANInOEzNVBbLGqJYwriCyE 1nMhsp4O4X5tFeus2CKhiw1QV9R8qe5eWwr5Xor4dkU+/H84z2WRiVr9n+WjC4 J7JIknfG0FZZz9S7H3TdqFJ2eWB52i6n12J8UR9Pb0tMYMnOnJ7XCGPxMZboS PiPrdwXmoGNd5NAdZRKep8h1xrvp7ux/SGA2nXTgd0hj4B43/sffoUnsrIrv+f VGInOTY8G7OhG/iaGclm86wdGY+mxwdFrd0DO7DA+hGT4MwCi+wgpfR/zf403S tqTXmxN7G3sf2a9TmJqFzFwJP7PAv2pP1iQ==</latexit><latexit sha1_base64="gEmXyEZLa 5QJNlBm1+6IPD3oiyE=">AAAI8XiclVVbTxNBFD4FhVovgL6Y+NIINMilmYIEI WIgcpGEhPslodDsbod2w97YXRrrpvwA/4AxvigJD4ZX/4Ev/gFj+AnGR0x80cS zp8Nld1vQnezuzPm+c5kzZ2ZkS1Mdl7HjWEPjtetNzfEbiZu3bt9paW27u+qY e7bCVxRTM+11WXK4php8xVVdja9bNpd0WeNr8s5zH18rcdtRTWPZLVt8U5cKhr qtKpKLolzrblbmBdXw+K4h2bZU7q4kUl1ZXXKLtu6p2aJjSQr3+tJskOsVtfJo X9rq7+Fb/aMsPTw83LsvYWcolc0mUnauezSTHurdz6QH8NOTYVte30AllchyI 3/Bfq61naUZPcloJyM67SCeebOt8RNkIQ8mKLAHOnAwwMW+BhI42DYgAwwslG2 ChzIbeyrhHCqQQN09ZHFkSCjdwW8BRxtCauDYt+mQtoJeNHxt1ExCJ/vKPrIT9 oUdse/sd11bHtnwYynjX67qcivX8vr+0q8rtXT8u1A817o0Zhe24QnFqmLsFk n8WShV/dKrNydLI4udXoodsB8Y/wd2zD7jDIzST+VwgS++uySe00hsRLfx9bPn t06cE0eO7zGJrDJ+8yjZJuxQ9A9R28N2SPnXSJpEWYXsnLPGa7DGIyyJOBIyLI xICqEyoX5UbgRTCFNIN4jkCfFHWg29CUIn6qAu4eG4g/ygBie2n2WHNEzMXpB REpwSVe1lzEnhuzqrJI7D3iYR05EzCTli2jhKkizMnArZmoowCoQXqD71SCamC Z2ugxYJLVIlBRFN5EOLrIsmVlsjmzLKw1ZnCZ+ti+8Q7leyRVUdRHVCdaz6oN wguRGRmyQ36VwoRKzNETpXB7XEXKyzkyhah5ZgFBENIvOEzNdAbLGqRYwriCyG 1nMxsp4O4X5tFWqs2BKhS3VQV9R8seZeWw75Xo74dkU+/H84zyWRiWr9n+ejE4 J7pB1P+OoKyjj7l2Lvm7QLT88sDzpE1fvsDooj6O3pWY0ZONPT2+EcfyYyXA8 fFfW7i/NQMa6LaBb6EZ2hynfEuerv7T5IYzScduFMSGPgHzT+x97jK+2tiuz69 0U+cpJjw7s5E76Jo53V/nSGpTMLg+1jI+KWjsMDeAhd6GkIxuAFVvAK+v8Gf2J Nsea4E38bfx8/qFIbYkLnHgSe+NFf24P1jA==</latexit><latexit sha1_base64="gEmXyEZLa 5QJNlBm1+6IPD3oiyE=">AAAI8XiclVVbTxNBFD4FhVovgL6Y+NIINMilmYIEI WIgcpGEhPslodDsbod2w97YXRrrpvwA/4AxvigJD4ZX/4Ev/gFj+AnGR0x80cS zp8Nld1vQnezuzPm+c5kzZ2ZkS1Mdl7HjWEPjtetNzfEbiZu3bt9paW27u+qY e7bCVxRTM+11WXK4php8xVVdja9bNpd0WeNr8s5zH18rcdtRTWPZLVt8U5cKhr qtKpKLolzrblbmBdXw+K4h2bZU7q4kUl1ZXXKLtu6p2aJjSQr3+tJskOsVtfJo X9rq7+Fb/aMsPTw83LsvYWcolc0mUnauezSTHurdz6QH8NOTYVte30AllchyI 3/Bfq61naUZPcloJyM67SCeebOt8RNkIQ8mKLAHOnAwwMW+BhI42DYgAwwslG2 ChzIbeyrhHCqQQN09ZHFkSCjdwW8BRxtCauDYt+mQtoJeNHxt1ExCJ/vKPrIT9 oUdse/sd11bHtnwYynjX67qcivX8vr+0q8rtXT8u1A817o0Zhe24QnFqmLsFk n8WShV/dKrNydLI4udXoodsB8Y/wd2zD7jDIzST+VwgS++uySe00hsRLfx9bPn t06cE0eO7zGJrDJ+8yjZJuxQ9A9R28N2SPnXSJpEWYXsnLPGa7DGIyyJOBIyLI xICqEyoX5UbgRTCFNIN4jkCfFHWg29CUIn6qAu4eG4g/ygBie2n2WHNEzMXpB REpwSVe1lzEnhuzqrJI7D3iYR05EzCTli2jhKkizMnArZmoowCoQXqD71SCamC Z2ugxYJLVIlBRFN5EOLrIsmVlsjmzLKw1ZnCZ+ti+8Q7leyRVUdRHVCdaz6oN wguRGRmyQ36VwoRKzNETpXB7XEXKyzkyhah5ZgFBENIvOEzNdAbLGqRYwriCyG 1nMxsp4O4X5tFWqs2BKhS3VQV9R8seZeWw75Xo74dkU+/H84zyWRiWr9n+ejE4 J7pB1P+OoKyjj7l2Lvm7QLT88sDzpE1fvsDooj6O3pWY0ZONPT2+EcfyYyXA8 fFfW7i/NQMa6LaBb6EZ2hynfEuerv7T5IYzScduFMSGPgHzT+x97jK+2tiuz69 0U+cpJjw7s5E76Jo53V/nSGpTMLg+1jI+KWjsMDeAhd6GkIxuAFVvAK+v8Gf2J Nsea4E38bfx8/qFIbYkLnHgSe+NFf24P1jA==</latexit><latexit sha1_base64="LWKDSJqCr sBDWgcg2oozWVA6r2Y=">AAAI8XiclVVbTxNBFD6ASq0XQF9MfGksNMilmRYNQ sRA5CIJCfdLQqHZ3Q7thr2xuzTWTfkB/gFjfFESHgyv/gNf/APG8BOMj5j4ool nT4fL7ragO9ndmfN95zJnzszIlqY6LmNHTc0tV65ea41dj9+4eet2W3vHnRXH 3LUVvqyYmmmvyZLDNdXgy67qanzNsrmkyxpflbef+/hqmduOahpLbsXiG7pUNN QtVZFcFOXbd3IyL6qGx3cMybalSk81nurO6ZJbsnVPzZUcS1K4159mj7leVasP 96TNbC/fzI6w9NDQUN+ehJ3BVC4XT9n5npFMerBvL5MewE9vhm16/QPVVDzHj cI5+/n2JEszehLRTkZ0kiCeObOj5RPkoAAmKLALOnAwwMW+BhI42NYhAwwslG2 AhzIbeyrhHKoQR91dZHFkSCjdxm8RR+tCauDYt+mQtoJeNHxt1ExAF/vKPrJj9 oUdsu/sd0NbHtnwY6ngX67pcivf9vre4q9LtXT8u1A607owZhe24AnFqmLsFk n8WSg1/fKrN8eLwwtdXortsx8Y/wd2xD7jDIzyT+Vgni+8uyCek0hsRLfw9bPn ty6cE0eO7zGBrAp+CyjZIuxA9A9Q28N2QPnXSJpAWZXsnLHG6rDGIiyJOBIyLI xICqEyoX5UbgRTCFNIN4gUCPFHWh29cULHG6Au4eG4g/ygBie2n2WHNEzMXpB RFpwyVe1FzAnhuzarBI7D3iYQ05EzAXli2jhKkCzMnAzZmowwioQXqT71SCamC J1qgJYILVElBRFN5EOLrIsmVlsjmzLKw1ZnCJ9piG8T7leyRVUdRHVCdaz6oN wguRGRmyQ36VwoRqzNEjrbALXEXKzTkyhah5ZglBANInOEzNVBbLGqJYwriCyE 1nMhsp4O4X5tFeus2CKhiw1QV9R8qe5eWwr5Xor4dkU+/H84z2WRiVr9n+WjC4 J7JIknfG0FZZz9S7H3TdqFJ2eWB52i6n12J8UR9Pb0tMYMnOnJ7XCGPxMZboS PiPrdwXmoGNd5NAdZRKep8h1xrvp7ux/SGA2nXTgd0hj4B43/sffoUnsrIrv+f VGInOTY8G7OhG/iaGclm86wdGY+mxwdFrd0DO7DA+hGT4MwCi+wgpfR/zf403S tqTXmxN7G3sf2a9TmJqFzFwJP7PAv2pP1iQ==</latexit>
(iii) a2 + e2 = 0.999, a = 0.3
r⇤ = 1.7, 1.3, 1 + 10 3
<latexit sha1_base64="cP6Ncj9f4h+bbV81MXp8foNpX98=">AAAJAXiclV VJTxRBFH4DLuMoApqoiZeJwARZJjWDBiFiILJIQsK+JAxMunuKmQ690d1MxM6QGG/+AQ+eNOFAvBjjzaMX/4AHfoExHjHx4sHXb4qlu2dQu9LdVe/73lKvXlXJl qY6LmMHsYbGc+cvXIxfSly+0nS1uaX12pJjbtsKX1RMzbRXZMnhmmrwRVd1Nb5i2VzSZY0vy5uPfXy5zG1HNY0Fd8fia7pUNNQNVZFcFOVbnudkXlQNj28Zkm1LO 12VRKozp0tuydY9NVdyLEnhXm+a3ed6JTKu3N2V1rPdfD07xNIDAwM9uxJ2+lK5XCJl57uGMun+nt1Mug8/3Rm27vX2VVKJHDcKp/zlW9pYmtGTjHYyotMG4pkx Wxs/Qg4KYIIC26ADBwNc7GsggYNtFTLAwELZGngos7GnEs6hAgnU3UYWR4aE0k38FnG0KqQGjn2bDmkr6EXD10bNJHSwr2yfHbIv7B37zn7XteWRDT+WHfzLVV1 u5Ztf3pr/9VctHf8ulE60zozZhQ14QLGqGLtFEn8WSlW//OzV4fzgXIeXYm/ZD4z/DTtgn3EGRvmnsjfL516fEc9RJDaiG/j62fNbB86JI8f3mETWDn4LKNkgbE/ 091Dbw7ZH+ddImkRZheycsEZqsEYiLIk4EjIsjEgKoTKhflRuBFMIU0g3iBQI8UdaDb1RQkfroC7h4biD/KAGJ7afZYc0TMxekFEWnDJV7VnMMeG7OqskjsPexh DTkTMGeWLaOEqSLMwcD9kajzCKhBepPvVIJiYInaiDlggtUSUFEU3kQ4usiyZWWyObMsrDVqcIn6qLbxLuV7JFVR1EdUJ1rPqg3CC5EZGbJDfpXChGrE0TOl0Ht cRcrOOTKFqHlmCUEA0iM4TM1EBssaoljCuIzIXWcy6yng7hfm0Va6zYPKHzdVBX1Hyp5l5bCPleiPh2RT78fzjPZZGJav2f5KMDgnukDU/46grKOPunYu+btAuPz iwP2kXV++x2iiPo7eFxjRk406Pb4QR/JDJcDx8S9buF81AxrtNoDrKITlLlO+Jc9fd2L6QxGk67cDKk0fcPGv9j795f7S2J7Pr3RSFykmPDuzkTvomjnaVsOsPS mdls2/CguKXjcBvuQCd66odheIIVvIj+v8WaYjdiN+Mv4vvx9/EPVWpDTOhch8AT//QHzGz66Q==</latexit><latexit sha1_base64="+KANvNg9y0auSPt0B4lLFl+5GtQ=">AAAJAXiclV VJTxRBFH4DLuMoApqoiZeJwARZJjUgQYgYiCySkLAvCQOT7p5ipkNvdDcTsTMkxpt/wIMnTTgQL8Z48+jFP+CBX2CMR0y8ePD1m2Lp7hnQrnR31fu+t9SrV1Wyp amOy9hBrK7+wsVLl+NXElevNVxvbGq+seSY27bCFxVTM+0VWXK4php80VVdja9YNpd0WePL8uYTH18ucdtRTWPB3bH4mi4VDHVDVSQXRbmmF1mZF1TD41uGZNvST kc5kWrP6pJbtHVPzRYdS1K4151mfVwvR8bl+7vSek8nX+8ZYumBgYGuXQk7valsNpGycx1DmXR/124m3Yufzgxb97p7y6lElhv5U/5yTS0szehJRjsZ0WkB8cyY zfWfIAt5MEGBbdCBgwEu9jWQwMG2ChlgYKFsDTyU2dhTCedQhgTqbiOLI0NC6SZ+CzhaFVIDx75Nh7QV9KLha6NmEtrYN7bPDtlX9p79YH9q2vLIhh/LDv7lii6 3co2v7sz/PldLx78LxROtM2N2YQMeUqwqxm6RxJ+FUtEvPX99OD841+al2Dv2E+N/yw7YF5yBUfql7M3yuTdnxHMUiY3oBr5+9vzWhnPiyPE9JpG1g988SjYI2xP 9PdT2sO1R/jWSJlFWJjsnrJEqrJEISyKOhAwLI5JCqEyoH5UbwRTCFNINInlC/JFWRW+U0NEaqEt4OO4gP6jBie1n2SENE7MXZJQEp0RVexZzTPiuzCqJ47C3Mc R05IxBjpg2jpIkCzPHQ7bGI4wC4QWqTz2SiQlCJ2qgRUKLVElBRBP50CLroonV1simjPKw1SnCp2rim4T7lWxRVQdRnVAdqz4oN0huROQmyU06FwoRa9OETtdAL TEX6/gkitahJRhFRIPIDCEzVRBbrGoR4woic6H1nIusp0O4X1uFKis2T+h8DdQVNV+sutcWQr4XIr5dkQ//H85zSWSiUv8n+WiD4B5pwRO+soIyzv6Z2Psm7cKjM 8uDVlH1PruV4gh6e3RcYwbO9Oh2OMEfiwzXwodE/W7hPFSM6zSahR5EJ6nyHXGu+nu7G9IYDaddOBnS6P0Hjf+x9+Bce0siu/59kY+c5Njwbs6Eb+JoZ6knnWHp zGxfy/CguKXjcBfuQTt66odheIoVvIj+v8caYrdit+Mv4/vxD/GPFWpdTOjchMAT//wXzVz67A==</latexit><latexit sha1_base64="+KANvNg9y0auSPt0B4lLFl+5GtQ=">AAAJAXiclV VJTxRBFH4DLuMoApqoiZeJwARZJjUgQYgYiCySkLAvCQOT7p5ipkNvdDcTsTMkxpt/wIMnTTgQL8Z48+jFP+CBX2CMR0y8ePD1m2Lp7hnQrnR31fu+t9SrV1Wyp amOy9hBrK7+wsVLl+NXElevNVxvbGq+seSY27bCFxVTM+0VWXK4php80VVdja9YNpd0WePL8uYTH18ucdtRTWPB3bH4mi4VDHVDVSQXRbmmF1mZF1TD41uGZNvST kc5kWrP6pJbtHVPzRYdS1K4151mfVwvR8bl+7vSek8nX+8ZYumBgYGuXQk7valsNpGycx1DmXR/124m3Yufzgxb97p7y6lElhv5U/5yTS0szehJRjsZ0WkB8cyY zfWfIAt5MEGBbdCBgwEu9jWQwMG2ChlgYKFsDTyU2dhTCedQhgTqbiOLI0NC6SZ+CzhaFVIDx75Nh7QV9KLha6NmEtrYN7bPDtlX9p79YH9q2vLIhh/LDv7lii6 3co2v7sz/PldLx78LxROtM2N2YQMeUqwqxm6RxJ+FUtEvPX99OD841+al2Dv2E+N/yw7YF5yBUfql7M3yuTdnxHMUiY3oBr5+9vzWhnPiyPE9JpG1g988SjYI2xP 9PdT2sO1R/jWSJlFWJjsnrJEqrJEISyKOhAwLI5JCqEyoH5UbwRTCFNINInlC/JFWRW+U0NEaqEt4OO4gP6jBie1n2SENE7MXZJQEp0RVexZzTPiuzCqJ47C3Mc R05IxBjpg2jpIkCzPHQ7bGI4wC4QWqTz2SiQlCJ2qgRUKLVElBRBP50CLroonV1simjPKw1SnCp2rim4T7lWxRVQdRnVAdqz4oN0huROQmyU06FwoRa9OETtdAL TEX6/gkitahJRhFRIPIDCEzVRBbrGoR4woic6H1nIusp0O4X1uFKis2T+h8DdQVNV+sutcWQr4XIr5dkQ//H85zSWSiUv8n+WiD4B5pwRO+soIyzv6Z2Psm7cKjM 8uDVlH1PruV4gh6e3RcYwbO9Oh2OMEfiwzXwodE/W7hPFSM6zSahR5EJ6nyHXGu+nu7G9IYDaddOBnS6P0Hjf+x9+Bce0siu/59kY+c5Njwbs6Eb+JoZ6knnWHp zGxfy/CguKXjcBfuQTt66odheIoVvIj+v8caYrdit+Mv4/vxD/GPFWpdTOjchMAT//wXzVz67A==</latexit><latexit sha1_base64="cP6Ncj9f4h+bbV81MXp8foNpX98=">AAAJAXiclV VJTxRBFH4DLuMoApqoiZeJwARZJjWDBiFiILJIQsK+JAxMunuKmQ690d1MxM6QGG/+AQ+eNOFAvBjjzaMX/4AHfoExHjHx4sHXb4qlu2dQu9LdVe/73lKvXlXJl qY6LmMHsYbGc+cvXIxfSly+0nS1uaX12pJjbtsKX1RMzbRXZMnhmmrwRVd1Nb5i2VzSZY0vy5uPfXy5zG1HNY0Fd8fia7pUNNQNVZFcFOVbnudkXlQNj28Zkm1LO 12VRKozp0tuydY9NVdyLEnhXm+a3ed6JTKu3N2V1rPdfD07xNIDAwM9uxJ2+lK5XCJl57uGMun+nt1Mug8/3Rm27vX2VVKJHDcKp/zlW9pYmtGTjHYyotMG4pkx Wxs/Qg4KYIIC26ADBwNc7GsggYNtFTLAwELZGngos7GnEs6hAgnU3UYWR4aE0k38FnG0KqQGjn2bDmkr6EXD10bNJHSwr2yfHbIv7B37zn7XteWRDT+WHfzLVV1 u5Ztf3pr/9VctHf8ulE60zozZhQ14QLGqGLtFEn8WSlW//OzV4fzgXIeXYm/ZD4z/DTtgn3EGRvmnsjfL516fEc9RJDaiG/j62fNbB86JI8f3mETWDn4LKNkgbE/ 091Dbw7ZH+ddImkRZheycsEZqsEYiLIk4EjIsjEgKoTKhflRuBFMIU0g3iBQI8UdaDb1RQkfroC7h4biD/KAGJ7afZYc0TMxekFEWnDJV7VnMMeG7OqskjsPexh DTkTMGeWLaOEqSLMwcD9kajzCKhBepPvVIJiYInaiDlggtUSUFEU3kQ4usiyZWWyObMsrDVqcIn6qLbxLuV7JFVR1EdUJ1rPqg3CC5EZGbJDfpXChGrE0TOl0Ht cRcrOOTKFqHlmCUEA0iM4TM1EBssaoljCuIzIXWcy6yng7hfm0Va6zYPKHzdVBX1Hyp5l5bCPleiPh2RT78fzjPZZGJav2f5KMDgnukDU/46grKOPunYu+btAuPz iwP2kXV++x2iiPo7eFxjRk406Pb4QR/JDJcDx8S9buF81AxrtNoDrKITlLlO+Jc9fd2L6QxGk67cDKk0fcPGv9j795f7S2J7Pr3RSFykmPDuzkTvomjnaVsOsPS mdls2/CguKXjcBvuQCd66odheIIVvIj+v8WaYjdiN+Mv4vvx9/EPVWpDTOhch8AT//QHzGz66Q==</latexit>
(iv) e = 0, a = 0.98
r⇤ = 1.7, 1.3, 1 + 10 3
<latexit sha1_ba se64="5V+mNlYvPzIbMQrAULo4u2kFO R8=">AAAI6HiclVVJTxRBFH6AyzgugF 5MvEwEJogwqQENSMRAZJGEhH1JGJx0 9xTTLb3R3UzEzvADPHkjxpMkHIxX/4E XT9488BOMR0i8qPH1m4Khu2dAu9LdVe /73lKvXlXJtq65HmMHDY1NFy5eupy4k rx67fqN5pbWm0uuteUofFGxdMtZkSWX 65rJFz3N0/mK7XDJkHW+LG88DfDlEnd czTIXvG2brxlS0dTWNUXyUJRvUXMyL 2qmzzdNyXGk7a5yMt2ZMyRPdQxfy6mu LSnc78mwh9wol8r3dvgQ696Rhljm0UA 6l0umnXzXUDbT372TzfTh536WPfd7+s rpZI6bhVNm8y1tLMPoScU7WdFpA/HMW K1NnyAHBbBAgS0wgIMJHvZ1kMDFtgp ZYGCjbA18lDnY0wjnUIYk6m4hiyNDQu kGfos4WhVSE8eBTZe0FfSi4+ugZgo62 Df2gR2yL+wj+85+1bXlk40glm38yxVd buebX9+e/3muloF/D9Sq1pkxe7AOAxS rhrHbJAlmoVT0S692D+cH5zr8NNtjPz D+9+yAfcYZmKUjZX+Wz707I57jSBxE 1/ENshe0DpwTR07gMYWsbfwWULJO2L7 o76O2j22f8q+TNIWyMtmpskZqsEZiLI k4EjJsjEiKoDKhQVReDFMIU0g3jBQIC UZ6Db1RQkfroB7h0bjD/LAGJ3aQZZc0 LMxemFESnBJV7VnMMeG7MqsUjqPexhA zkDMGeWI6OEqRLMocj9gajzGKhBepP o1YJiYInaiDqoSqVElhRBf50GProovV 1smmjPKo1SnCp+riG4QHlWxTVYdRg1A Dqz4sN0luxuQWyS06F4oxa9OETtdBbT EX++QkitehLRgqomFkhpCZGogjVlXFu MLIXGQ952Lr6RIe1FaxxorNEzpfB/VE zas199pCxPdCzLcn8hH8o3kuiUxU6r +ajw4I75E2POErKyjj7F+KvW/RLjw+s 3xoF1UfsNspjrC3xyc1ZuJMj2+HKv5E ZLgePiTqdxPnoWFcp9Ec9CI6SZXvinM 12Ns9kMFoOO3CyYhG3z9o/I+9B+faWx LZDe6LQuwkx4Z3czZ6E8c7S72ZLMtkZ 3vbhgfFLZ2AO3AXOtFTPwzDM6zgRfT /FY7gN/xJvEi8Sewm3laojQ1C5xaEns TeX0cF9O8=</latexit><latexit sha1_ba se64="PaCNE+mk9JQBSfSdkpyf2IIJg 4g=">AAAI6HiclVVJTxRBFH6AyzgugF 5MvEwEJqgwqQEJSMRAZJGEhH1JGJx0 9xTTLb3R3UzEzvADPHkjxpMkHIxX/4E XT9488BOMR0i8qPH1m4Khu2dAu9LdVe /73lKvXlXJtq65HmMHDY1NFy5eupy4k rx67fqN5pbWm0uuteUofFGxdMtZkSWX 65rJFz3N0/mK7XDJkHW+LG88DfDlEnd czTIXvG2brxlS0dTWNUXyUJRvUXMyL 2qmzzdNyXGk7fvlZLozZ0ie6hi+llNd W1K4351hfdwol8r3dvgQ69qRhljm0UA 6l0umnfz9oWymv2snm+nFz4Mse+5395 bTyRw3C6fM5lvaWIbRk4p3sqLTBuKZs VqbPkEOCmCBAltgAAcTPOzrIIGLbRW ywMBG2Rr4KHOwpxHOoQxJ1N1CFkeGhN IN/BZxtCqkJo4Dmy5pK+hFx9dBzRR0s G/sAztkX9hH9p39qmvLJxtBLNv4lyu6 3M43v749//NcLQP/HqhVrTNj9mAdBih WDWO3SRLMQqnol17tHs4PznX4abbHfm D879kB+4wzMEtHyv4sn3t3RjzHkTiI ruMbZC9oHTgnjpzAYwpZ2/gtoGSdsH3 R30dtH9s+5V8naQplZbJTZY3UYI3EWB JxJGTYGJEUQWVCg6i8GKYQppBuGCkQE oz0GnqjhI7WQT3Co3GH+WENTuwgyy5p WJi9MKMkOCWq2rOYY8J3ZVYpHEe9jSF mIGcM8sR0cJQiWZQ5HrE1HmMUCS9Sf RqxTEwQOlEHVQlVqZLCiC7yocfWRRer rZNNGeVRq1OET9XFNwgPKtmmqg6jBqE GVn1YbpLcjMktklt0LhRj1qYJna6D2m Iu9slJFK9DWzBURMPIDCEzNRBHrKqKc YWRuch6zsXW0yU8qK1ijRWbJ3S+DuqJ mldr7rWFiO+FmG9P5CP4R/NcEpmo1H 81Hx0Q3iNteMJXVlDG2b8Ue9+iXXh8Z vnQLqo+YLdTHGFvj09qzMSZHt8OVfyJ yHA9fEjU7ybOQ8O4TqM56EF0kirfFed qsLe7IYPRcNqFkxGN3n/Q+B97D8+1ty SyG9wXhdhJjg3v5mz0Jo53lnoyWZbJz va1DQ+KWzoBd+AudKKnfhiGZ1jBi+j /KxzBb/iTeJF4k9hNvK1QGxuEzi0IPY m9v0f19PI=</latexit><latexit sha1_ba se64="PaCNE+mk9JQBSfSdkpyf2IIJg 4g=">AAAI6HiclVVJTxRBFH6AyzgugF 5MvEwEJqgwqQEJSMRAZJGEhH1JGJx0 9xTTLb3R3UzEzvADPHkjxpMkHIxX/4E XT9488BOMR0i8qPH1m4Khu2dAu9LdVe /73lKvXlXJtq65HmMHDY1NFy5eupy4k rx67fqN5pbWm0uuteUofFGxdMtZkSWX 65rJFz3N0/mK7XDJkHW+LG88DfDlEnd czTIXvG2brxlS0dTWNUXyUJRvUXMyL 2qmzzdNyXGk7fvlZLozZ0ie6hi+llNd W1K4351hfdwol8r3dvgQ69qRhljm0UA 6l0umnfz9oWymv2snm+nFz4Mse+5395 bTyRw3C6fM5lvaWIbRk4p3sqLTBuKZs VqbPkEOCmCBAltgAAcTPOzrIIGLbRW ywMBG2Rr4KHOwpxHOoQxJ1N1CFkeGhN IN/BZxtCqkJo4Dmy5pK+hFx9dBzRR0s G/sAztkX9hH9p39qmvLJxtBLNv4lyu6 3M43v749//NcLQP/HqhVrTNj9mAdBih WDWO3SRLMQqnol17tHs4PznX4abbHfm D879kB+4wzMEtHyv4sn3t3RjzHkTiI ruMbZC9oHTgnjpzAYwpZ2/gtoGSdsH3 R30dtH9s+5V8naQplZbJTZY3UYI3EWB JxJGTYGJEUQWVCg6i8GKYQppBuGCkQE oz0GnqjhI7WQT3Co3GH+WENTuwgyy5p WJi9MKMkOCWq2rOYY8J3ZVYpHEe9jSF mIGcM8sR0cJQiWZQ5HrE1HmMUCS9Sf RqxTEwQOlEHVQlVqZLCiC7yocfWRRer rZNNGeVRq1OET9XFNwgPKtmmqg6jBqE GVn1YbpLcjMktklt0LhRj1qYJna6D2m Iu9slJFK9DWzBURMPIDCEzNRBHrKqKc YWRuch6zsXW0yU8qK1ijRWbJ3S+DuqJ mldr7rWFiO+FmG9P5CP4R/NcEpmo1H 81Hx0Q3iNteMJXVlDG2b8Ue9+iXXh8Z vnQLqo+YLdTHGFvj09qzMSZHt8OVfyJ yHA9fEjU7ybOQ8O4TqM56EF0kirfFed qsLe7IYPRcNqFkxGN3n/Q+B97D8+1ty SyG9wXhdhJjg3v5mz0Jo53lnoyWZbJz va1DQ+KWzoBd+AudKKnfhiGZ1jBi+j /KxzBb/iTeJF4k9hNvK1QGxuEzi0IPY m9v0f19PI=</latexit><latexit sha1_ba se64="5V+mNlYvPzIbMQrAULo4u2kFO R8=">AAAI6HiclVVJTxRBFH6AyzgugF 5MvEwEJogwqQENSMRAZJGEhH1JGJx0 9xTTLb3R3UzEzvADPHkjxpMkHIxX/4E XT9488BOMR0i8qPH1m4Khu2dAu9LdVe /73lKvXlXJtq65HmMHDY1NFy5eupy4k rx67fqN5pbWm0uuteUofFGxdMtZkSWX 65rJFz3N0/mK7XDJkHW+LG88DfDlEnd czTIXvG2brxlS0dTWNUXyUJRvUXMyL 2qmzzdNyXGk7a5yMt2ZMyRPdQxfy6mu LSnc78mwh9wol8r3dvgQ696Rhljm0UA 6l0umnXzXUDbT372TzfTh536WPfd7+s rpZI6bhVNm8y1tLMPoScU7WdFpA/HMW K1NnyAHBbBAgS0wgIMJHvZ1kMDFtgp ZYGCjbA18lDnY0wjnUIYk6m4hiyNDQu kGfos4WhVSE8eBTZe0FfSi4+ugZgo62 Df2gR2yL+wj+85+1bXlk40glm38yxVd buebX9+e/3muloF/D9Sq1pkxe7AOAxS rhrHbJAlmoVT0S692D+cH5zr8NNtjPz D+9+yAfcYZmKUjZX+Wz707I57jSBxE 1/ENshe0DpwTR07gMYWsbfwWULJO2L7 o76O2j22f8q+TNIWyMtmpskZqsEZiLI k4EjJsjEiKoDKhQVReDFMIU0g3jBQIC UZ6Db1RQkfroB7h0bjD/LAGJ3aQZZc0 LMxemFESnBJV7VnMMeG7MqsUjqPexhA zkDMGeWI6OEqRLMocj9gajzGKhBepP o1YJiYInaiDqoSqVElhRBf50GProovV 1smmjPKo1SnCp+riG4QHlWxTVYdRg1A Dqz4sN0luxuQWyS06F4oxa9OETtdBbT EX++QkitehLRgqomFkhpCZGogjVlXFu MLIXGQ952Lr6RIe1FaxxorNEzpfB/VE zas199pCxPdCzLcn8hH8o3kuiUxU6r +ajw4I75E2POErKyjj7F+KvW/RLjw+s 3xoF1UfsNspjrC3xyc1ZuJMj2+HKv5E ZLgePiTqdxPnoWFcp9Ec9CI6SZXvinM 12Ns9kMFoOO3CyYhG3z9o/I+9B+faWx LZDe6LQuwkx4Z3czZ6E8c7S72ZLMtkZ 3vbhgfFLZ2AO3AXOtFTPwzDM6zgRfT /FY7gN/xJvEi8Sewm3laojQ1C5xaEns TeX0cF9O8=</latexit>
(v) e = 0, a = 0.7
r⇤ = 1.7, 1.3, 1 + 10 3
<latexit sha1_base64="9FQ7EAXkX /siPWfSdtTPNI6RS+w=">AAAI13iclVXNTxNBFH+IH7V+AHox8dIIbRChmYIJh lgDkQ9JSIDyaSg2u9tpu2G/2F0aa1O8GePNkwdPmvRgvHr15MV/wANnT0Y9YeL Fg29fB8rutqA72d2Z9/u9j3nzZka2NNVxGdvrONV5+szZc5Hz0QsXL13u6u65 suqYO7bCVxRTM+11WXK4php8xVVdja9bNpd0WeNr8tZ9D18rc9tRTWPZrVh8U5 eKhlpQFclFUa57LSvzompU+bYh2bZUGahFE/1ZXXJLtl4t127u8jQb3JXSLDma yGajCTs3kE4lRwd3U8kR/NxKsUfVoZFaIprlRv6IlVx3L0syemLhTkp0ekE8C 2ZP5wfIQh5MUGAHdOBggIt9DSRwsG1AChhYKNuEKsps7KmEc6hBFHV3kMWRIaF 0C79FHG0IqYFjz6ZD2gp60fC1UTMGcfaFvWP77DN7z76xP21tVcmGF0sF/3JDl 1u5rhfXln6fqKXj34VSU+vYmF0owB2KVcXYLZJ4s1Aa+uUnr/aXxjLxaoK9Zd 8x/jdsj33CGRjlX0p9kWdeHxPPQSQ2ogV8vex5LY5z4sjxPMaQVcFvHiUFwuqi X0ftKrY65V8jaQxlNbLTZE20YE2EWBJxJGRYGJEUQGVCvajcEKYQppCuH8kT4o 20FnqThE62QV3Cg3H7+X4NTmwvyw5pmJg9P6MsOGWq2uOYU8J3Y1YxHAe9TSG mI2cKcsS0cRQjWZA5HbA1HWIUCS9SfeqhTMwQOtMGLRFaokryI5rIhxZaF02st kY2ZZQHrc4RPtcW3yLcq2SLqtqP6oTqWPV+uUFyIyQ3SW7SuVAMWZsndL4Nao m5WIcnUbgOLcEoIepHFghZaIHYYlVLGJcfyQTWMxNaT4dwr7aKLVZsidClNqgr ar7Ucq8tB3wvh3y7Ih/eP5jnsshEo/6b+YiDf4/04gnfWEEZZ/9Y7H2TduHBmV WFPlH1HruP4vB7u3tYYwbO9OB2aOL3RIbb4WlRv9s4DxXjOopmYRjRWap8R5y r3t4egiRGw2kXzgY0Rv5B43/s3T7R3qrIrndf5EMnOTa8m1PBmzjcWR1Oplgyt TjcOz4mbukIXIcb0I+eRmEcHmAFr6D/j/AVfsDPyMPI08izyPMG9VSH0LkKvif y8i9+yO5I</latexit><latexit sha1_base64="Qku9YFN+3 zzAra0gcLZIPKFMKsQ=">AAAI13iclVXLTxNBGP8AH7U+AL2YeGkEGkRopqDBE Gsg8pCEBGh5GYrN7nbabtgXu0tjbYo3Y7x58uBJkx6MV6+evPgPeODsyagnTLx 48Nuvw2N3W9Cd7O7M9/t9j/nmmxnZ0lTHZWy3rb3j1OkzZyPnoucvXLzU2dV9 ecUxt22FLyumZtprsuRwTTX4squ6Gl+zbC7pssZX5c37Hr5a5rajmsaSW7H4hi 4VDbWgKpKLolzXalbmRdWo8i1Dsm2pMlCLxvuzuuSWbL1art3Y4Sk2uCOlWGI0 ns1G43ZuIJVMjA7uJBMj+LmZZI+qQyO1eDTLjfwRK7muHpZg9MTCnaTo9IB4F szujg+QhTyYoMA26MDBABf7GkjgYFuHJDCwULYBVZTZ2FMJ51CDKOpuI4sjQ0L pJn6LOFoXUgPHnk2HtBX0ouFro2YM+tgX9o7tsc/sPfvG/rS0VSUbXiwV/MsNX W7lOl9czfw+UUvHvwulQ61jY3ahAHcoVhVjt0jizUJp6JefvNrLjKX7qnH2ln 3H+N+wXfYJZ2CUfyn1RZ5+fUw8+5HYiBbw9bLntT6cE0eO5zGGrAp+8ygpEFYX /TpqV7HVKf8aSWMoq5GdQ9ZEE9ZEiCURR0KGhRFJAVQm1IvKDWEKYQrp+pE8Id 5Ia6I3SehkC9QlPBi3n+/X4MT2suyQhonZ8zPKglOmqj2OOSV8N2YVw3HQ2xR iOnKmIEdMG0cxkgWZ0wFb0yFGkfAi1aceysQMoTMt0BKhJaokP6KJfGihddHEa mtkU0Z50Ooc4XMt8U3CvUq2qKr9qE6ojlXvlxskN0Jyk+QmnQvFkLV5QudboJ aYi3VwEoXr0BKMEqJ+ZIGQhSaILVa1hHH5kXRgPdOh9XQI92qr2GTFMoRmWqCu qPlS0722FPC9FPLtinx4/2CeyyITjfo/zEcf+PdID57wjRWUcfaPxd43aRfun1 lV6BVV77F7KQ6/t7sHNWbgTPdvh0P8nshwKzwl6ncL56FiXEfRLAwjOkuV74h z1dvbQ5DAaDjtwtmAxsg/aPyPvVsn2lsR2fXui3zoJMeGd3MyeBOHOyvDiSRLJ Bdv94yPiVs6AtfgOvSjp1EYhwdYwcvo/yN8hR/wM/Iw8jTyLPK8QW1vEzpXwPd EXv4Ff7juSw==</latexit><latexit sha1_base64="Qku9YFN+3 zzAra0gcLZIPKFMKsQ=">AAAI13iclVXLTxNBGP8AH7U+AL2YeGkEGkRopqDBE Gsg8pCEBGh5GYrN7nbabtgXu0tjbYo3Y7x58uBJkx6MV6+evPgPeODsyagnTLx 48Nuvw2N3W9Cd7O7M9/t9j/nmmxnZ0lTHZWy3rb3j1OkzZyPnoucvXLzU2dV9 ecUxt22FLyumZtprsuRwTTX4squ6Gl+zbC7pssZX5c37Hr5a5rajmsaSW7H4hi 4VDbWgKpKLolzXalbmRdWo8i1Dsm2pMlCLxvuzuuSWbL1art3Y4Sk2uCOlWGI0 ns1G43ZuIJVMjA7uJBMj+LmZZI+qQyO1eDTLjfwRK7muHpZg9MTCnaTo9IB4F szujg+QhTyYoMA26MDBABf7GkjgYFuHJDCwULYBVZTZ2FMJ51CDKOpuI4sjQ0L pJn6LOFoXUgPHnk2HtBX0ouFro2YM+tgX9o7tsc/sPfvG/rS0VSUbXiwV/MsNX W7lOl9czfw+UUvHvwulQ61jY3ahAHcoVhVjt0jizUJp6JefvNrLjKX7qnH2ln 3H+N+wXfYJZ2CUfyn1RZ5+fUw8+5HYiBbw9bLntT6cE0eO5zGGrAp+8ygpEFYX /TpqV7HVKf8aSWMoq5GdQ9ZEE9ZEiCURR0KGhRFJAVQm1IvKDWEKYQrp+pE8Id 5Ia6I3SehkC9QlPBi3n+/X4MT2suyQhonZ8zPKglOmqj2OOSV8N2YVw3HQ2xR iOnKmIEdMG0cxkgWZ0wFb0yFGkfAi1aceysQMoTMt0BKhJaokP6KJfGihddHEa mtkU0Z50Ooc4XMt8U3CvUq2qKr9qE6ojlXvlxskN0Jyk+QmnQvFkLV5QudboJ aYi3VwEoXr0BKMEqJ+ZIGQhSaILVa1hHH5kXRgPdOh9XQI92qr2GTFMoRmWqCu qPlS0722FPC9FPLtinx4/2CeyyITjfo/zEcf+PdID57wjRWUcfaPxd43aRfun1 lV6BVV77F7KQ6/t7sHNWbgTPdvh0P8nshwKzwl6ncL56FiXEfRLAwjOkuV74h z1dvbQ5DAaDjtwtmAxsg/aPyPvVsn2lsR2fXui3zoJMeGd3MyeBOHOyvDiSRLJ Bdv94yPiVs6AtfgOvSjp1EYhwdYwcvo/yN8hR/wM/Iw8jTyLPK8QW1vEzpXwPd EXv4Ff7juSw==</latexit><latexit sha1_base64="9FQ7EAXkX /siPWfSdtTPNI6RS+w=">AAAI13iclVXNTxNBFH+IH7V+AHox8dIIbRChmYIJh lgDkQ9JSIDyaSg2u9tpu2G/2F0aa1O8GePNkwdPmvRgvHr15MV/wANnT0Y9YeL Fg29fB8rutqA72d2Z9/u9j3nzZka2NNVxGdvrONV5+szZc5Hz0QsXL13u6u65 suqYO7bCVxRTM+11WXK4php8xVVdja9bNpd0WeNr8tZ9D18rc9tRTWPZrVh8U5 eKhlpQFclFUa57LSvzompU+bYh2bZUGahFE/1ZXXJLtl4t127u8jQb3JXSLDma yGajCTs3kE4lRwd3U8kR/NxKsUfVoZFaIprlRv6IlVx3L0syemLhTkp0ekE8C 2ZP5wfIQh5MUGAHdOBggIt9DSRwsG1AChhYKNuEKsps7KmEc6hBFHV3kMWRIaF 0C79FHG0IqYFjz6ZD2gp60fC1UTMGcfaFvWP77DN7z76xP21tVcmGF0sF/3JDl 1u5rhfXln6fqKXj34VSU+vYmF0owB2KVcXYLZJ4s1Aa+uUnr/aXxjLxaoK9Zd 8x/jdsj33CGRjlX0p9kWdeHxPPQSQ2ogV8vex5LY5z4sjxPMaQVcFvHiUFwuqi X0ftKrY65V8jaQxlNbLTZE20YE2EWBJxJGRYGJEUQGVCvajcEKYQppCuH8kT4o 20FnqThE62QV3Cg3H7+X4NTmwvyw5pmJg9P6MsOGWq2uOYU8J3Y1YxHAe9TSG mI2cKcsS0cRQjWZA5HbA1HWIUCS9SfeqhTMwQOtMGLRFaokryI5rIhxZaF02st kY2ZZQHrc4RPtcW3yLcq2SLqtqP6oTqWPV+uUFyIyQ3SW7SuVAMWZsndL4Nao m5WIcnUbgOLcEoIepHFghZaIHYYlVLGJcfyQTWMxNaT4dwr7aKLVZsidClNqgr ar7Ucq8tB3wvh3y7Ih/eP5jnsshEo/6b+YiDf4/04gnfWEEZZ/9Y7H2TduHBmV WFPlH1HruP4vB7u3tYYwbO9OB2aOL3RIbb4WlRv9s4DxXjOopmYRjRWap8R5y r3t4egiRGw2kXzgY0Rv5B43/s3T7R3qrIrndf5EMnOTa8m1PBmzjcWR1Oplgyt TjcOz4mbukIXIcb0I+eRmEcHmAFr6D/j/AVfsDPyMPI08izyPMG9VSH0LkKvif y8i9+yO5I</latexit>
(vi) e = 0, a = 0.3
r⇤ = 1.7, 1.3, 1 + 10 3
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FIG. 7: Critical angles in α-β plane in nonextremal black holes. The green, blue, and orange lines show (α1(b), β1(b)),
(α1(c), β1(c)), and (α2, β2), respectively. The solid lines (the upper three panels) and dashed lines (the lower three panels) are
the cases of a2 + e2 = 0.999 and e = 0, respectively. For each panel, we set r∗ = 1.7, 1.3, 1 + 10−3 from outside to inside.
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e = 0
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FIG. 8: Escape probability in nonextremal black holes. The solid and dashed lines are the cases of a2 + e2 = 0.999 and e = 0,
respectively.
VI. CONCLUSION AND DISCUSSIONS
We have examined the escape of photons from the vicinity of the horizon to infinity in the Kerr–Newman black
hole spacetime. We have evaluated escape cones at an emission point staying at rest in the LNRF and also the escape
probability under assuming isotropic emission. Our main result is that when the black hole is extremal and has the
spin parameter larger than 1/2, even if the light source arbitrarily approaches the horizon, the escape cone does not
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shrink and the escape probability remains nonzero. Furthermore, the nonzero escape probability in the horizon limit
monotonically increases as the spin increases from 1/2 with remaining extremal. Consequently, in the extremal Kerr
black hole, it takes the largest value, 0.2916 · · · .
The reason for the nonvanishing photon escape probability in the horizon limit is that photons can be reflected at
a radius arbitrarily close to the horizon. This phenomenon is also related to the fact that the radius of the innermost
spherical photon orbit coincides with the horizon radius.
Even for extremal black holes, the escape probability in the horizon limit becomes zero if the spin parameter is
equal to or less than 1/2. Similarly, it does in the case of nonextremal black holes. However, in rapidly rotating
and near-extremal black hole spacetime, as the emission point approaches the horizon, the escape probability keeps
a relatively large nonzero value until it reaches a near-horizon region, and finally becomes zero when it reaches just
outside the horizon. Even in this case, the fact that photons can be reflected at a radius very close to the horizon is
essential [13].
Our result is that up to approximately 30 percent of photons emitted from the light source near the horizon of
the rapidly rotating (near-)extremal black hole escape to infinity. Hence, the phenomenon near the horizon of such a
rapidly rotating and (near-)extremal black hole (e.g., the Penrose process or the black hole shadow) must be relatively
visible compared to the case of a slowly rotating black hole. We speculate the effect of the nonzero escape probability
on black hole shadow observations. Photons arriving at the shadow edge have been scattered at the radii of spherical
photon orbits in the past. In particular, for rapidly rotating black holes, photons reaching the innermost shadow edge
have been scattered at almost the horizon radius. Therefore, observing the innermost shadow edge is equivalent to
observing a near-horizon region of the black hole. In fact, one of the estimates based on the observations of the M87
galactic center suggests that the central object may be rapidly rotating [14]. Therefore, according to our results, a
sufficient number of photons scattered at almost the horizon radius reach the innermost edge of the shadow, so that
we can observe a near-horizon region through them.
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